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KT IRBUA AL

“PITET: [AE A HIS s R, B R A RN L R E A IR R, SO aies
HERARRT 1/4 /L WAL ETTT . — 4502 BHRATHRKNERE, B35 ArTRER .

“PE LR A e Bk LR S AU RIIA B ) R R, DR T e S R AR AR A Sk
RAERFEPIEER A, AR A LAE P /& s B — 0

“CRRAZN: BRSSP BRI R E R E AL E L, IR, BT LA A
REAL Tiz3 R .

“PREGFATIME”: Ay B PIEYIIR LSRR A OS2 . IR IR ¢ RE, il A B ARE
L/ RSN T 2 AH, AR A B, W BAE 1 /N ABEEE) 7 4 AR, BT ER, Briliazs)
FEANFTRER] o

ZWBR T JERRZ MR I . ATP IR ME 158 T A [ JE R AT 73, Rz s 2 E AL
R Ja AR T AE 1IN (R A2 (M ASRETERR FT 73, AT IZ 2 (A W M o Z U PR (1 52 AT REAT 3
WAMT S, AR LT EEEN, (B ENERC: EE AW 17— 75 R K. e 7 &
fENCALER] “LH5 N 5 ARMUN 7 E, BAITTCERRR T . Ha R, &S LFAHEY
M BEAEHERR T B 5571

HH 19 8 20 HA0, —SEHR SOF U BUSRUE TR 70 A% kAl . BURE W BT UURS 775
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RN AT IR, BRI IS RFER TARLA, PRl 72, K
LA TR &, NEEAIHTEUE T AR A

BORB WL TSR IR E L B UURSR H 2R BR 1 P SR T SR AT RTPEAE 1821 4
1 CREHTBRE) HMGE SR B I, DARBIR B — 8 B T RIE S MIEMRRIOM S, fiah
T3 NERTE TS KA EE KR I2 AR, TB55 /MR UT AR R, JFHE LT BRI
RANGE T REIBAE Lo IR TARRIERE b, BURBRFRLE B 7 AR Tr, 4
BUAEE T AR PR R 2E SC, B S FHE R AR ™A% U ST AE AR FR A 2R 1

19 28 70 KT, BURBTRFRIET. KIEe . RBRIESE ARSI T 1 S BOe, T AR ST IS Y
Sefith b, AR RIE RIEAEHE, MR A I LA SRR ) AR SR

E4T BZREERN

B fENL, —E R AR, MHREEEENL, ENgREY RIFin, HiashiAee ‘8
RIMER”, Bl fEREAA A — A BRI, MRS RRRXESH: “ARANEKEE o EE, &
WA B NAMFTA A G B OHEIS NG, TR AKX NFIG . FXT &AL R s i | R4
fE I NS AL, BRI AG ORI T2, F—K, XMEAKTAETFRELEC
PR T, MARREHIGE T8 7], RATEMEEARES A CEIEIE? Wik AL B adlls, fhHt)ET
“AResE ORI, s | s, mufiss | aiiane? X ET “AacilRmAN”, it
Aizgh A AE .

FRIFICMEARDERL: S TEE—NMEE A, A ZELZRAGNLE, WAcA; AELRRH
HotE, WA ¢ A RIEFREEREGLIBEEEL, UG ALE S TTRNEGHER—NES S
Bl Si=x:2 ¢ S1. BARIMEZLEP K2R EEMN: WREFENMNER—NMES, IMEAIILREBE
OB NIRRT SR B4, BRIMERR, fETR, MBI EAET B NISES, J HW RN
AAETASNEAHE T, BabERETMhE C? XM hE MR RR TP RFER. Rk
()72 A, A ST [P

BEEFA R A TG A BRACRHERR T IX AR AR & AR AE 1

Bltn, TESEMFE (Zermelo) FIFRAETL/R (Fraenkel) ZF42HIH) ZF AP RSG (WK ZFC AF RS0
RS E T —NMEAAAERI R (R, FAE—ANTE [TEAM), BMMESAERSE [F
LAY BNMEABITAMESIOFIERES [FFEAE); BN ES LR FZ AR u R T4
[ FEAMEY —A7 B N AW R A “EIR7 [BE#AF]) 55, X ke IR
£5.

= RECE RN UR A — e R B, (RECEB R R B ARG W, a8 R A T8 £ B
R HP R —

E57 B

ZRBEEEl, R AM R MER, HEEAZEL, BOSRA EHEE R, AR
M@K, ARMBATCK; BAWRRERE, UMK M TMRMIEAE; %A ZFC A
BHAGHRN, FAWIAT DTBCO KRR AR, BRIt A A M A B A . (H K22
AWIEER, BT E SR A W, TR AL 7 SR I T P R 4 AT
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Wy AR, BRI 5N A S

A BMSSEES  DRE BEE ——

F1% LA

W TR, RIEEARMBREBSI TR KRR, W TR AR KR . S R R
BRI — AN EE ST, 555 25 BRI A A ARECE S LA AR L, B0 5 R AR TR 1) (1 3
MR Z. BB, s (REERIE, SR ED . {2, TRy K5 #5500
AT Z MR ZI RN CInN A AR L Sl A R ) o DRI A 20 7 RE BT S 2 5 AN SRAE 2 VIR SR 1

V7.

g2 RERBE

T IR I S o AR SR AT 8 PR GG AR 73 IS s AL B 5 55020 T R A SR A i L. AATT AR
WIS J5 DB PR A N, Rl T R NG T A . AR WU R T AR R
SRR, — AN R—1iT EiiEs.

HEEFATRAAERS I8 T30 R, Ja RN I — AT #E .

s RESRAFEME TR AR IR M. AEF W T RETT I, — B TR RORAE AR, DO
TifEs Al B AR R T R R BR T VA A O P A T3 R R T R o

S5 2NATTEL B SO AR 01 T SRR PO RIE 807 AN 2 AL, TR R AR 0 B R 2 R SR R K
TR IR LB A . X 3 B A AE R > TR R T

= WO TR i BN, ANETRITREE MR, TR SRS R e 5
PRI RN TR AT M E MR o SRITREI R E MRS AT IR, TR Z SR A 5 it i 7L

TRBEEFA TR E MRS YHE R A R, IR A RS, A2, RMER R ik, ¥
SR (N TE) BHAEIATIRE, TREFERE BUETHED . EMIE, X8 e Z Mg
MIFAAENE, PfE— PRSI0 B 1)

E3IH BKRERE

W TR RS R AR J1% . RO W, DU AMARHBR R R B VIR . B
WA ST A RS, IR AR E 20 AL Ass, AR TR AR A T IRZI IR, 2
A HSEALERD o BE 2 e D RE R B R B F 8RR A 0 TR

FEA AT, AR R G 285 00 T RE-5 i o0 T R (0 B ZE A B, RN A 2R A X B o T e
BUB ML R, RIHH WLE MATLAB Bfh4s HBUB AR SRR T . 5 BiE SR A B 115 5] )5,
AT DO o TR B AT AR, RN AT DURYE B % ENLEAT RS -
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RIKE IR A A2 TE /o AL g5 B AfE

AN2018 R HMFEIMYE DRI —

B by NRRZRFR LI S L B AR 2 FI SRR NI, sy TR o J7 RE2
FORBCEM A B TR, MH 2z BRER, HAA 8RR R 7 B AT DRI i . /£
ZHNGOUT o Ty REME LIRS AR AT, T 3 SRAEAPT Ak XS AL B EL A AE AT AN N P ol - B

LORFBR RS — JC R BN, AZM T RERIARAE R T R Rl MR R A T R SR A ) R
REZN I ACERNR TR TR LAYME RS, S 7 H AR I bR AL
SRJE S TR D5 REAME I A AR R 58 S IR AR T PSR LB RS . e, ARG sk
B, VEINAA TR MATLAB SRAFH 073 J7 FEAME IR A L A S AR S A oK

KR Hi o T REEUEM . MATLAB 28, Euler . Runge-Kutta /7%

E1T I S HEVERRBEREREL

\ B HEET

FUEHSHL RAREANRFN R ST E (BUr) FIT7RE, SO TR . o J7 RE2 ik 70 ek £
W EZ TR, N2 2. BRMEEGZ e B, M T REEFRAE S o T fE . — B
n frE o TR B A IR

F(mvyvylv ,y(”)):() (]‘)
BRI R, RADEE R T RE T ORI . E2HUFOLT, T 77 FEME LK H AT
WA <3 SR ATT A (%) A AL 5B AR AE T 9 R0 S A gl 4 B2

\ EHMSHEYHE RS B{EREX

FRATTFRAE G 2 I 5 Al 5 R R A il 7L

(5 { W — f(z,y) -

y(wo) = yo

XFTHME I, FADEARBBNA y = y(x), TRAE—RIVEHE 20 <21 <+ <z <--- L
Roy(ws) BIEAE yio AR {(25.03)} NEBATTRRYMERE (B) MEEM. BEHEEINEELD KN b,

B4z, = zo + nho
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\ B T EANRER AL R g e

‘ EWa AEENRER S HE

—A 0 AR R AR B AT I R R A

dyl fl(x Y1,Y2, 7yn)
dy2 fQ(ZE Y1,Y2, 7Z/n)
dyn

fn(x Y1,Y2, 7yn)

Hr f; BTG (2, 91,90, -+ 5 yn) FERADXIR D N EES R

FPRBATEE RIS S, B ERTTRABTE, 2y = (y1,y2, 0 un):

{ﬁ(w i@y yeesyn)y (i=1,2,-- )
(:27 ) ( ( ,y),f2(3'],y),"' 7fn(x,y))
) F3R Gk 7 7 RR2H AT a0 A -

dy
= f
e (z,y)

(4)

(®)

FEIX LR BRI, AR M TR 5 KPR A T, IR R BOE 2 [ R R K2

DU R B XA

‘ —REMERSHIE (H) SERKREK

o EMS TR g = F(a,y, -,y D), BATS: 4=y VG =1,2,---,n), BIA{LR

NG SA R e
dyl =Y2

d
y2 =3

% :F(x,y1,y2,~~ ,yn)

Xl o AR, TR A XAy A B ) o T R

F2% RBEHL FEVHERBMEES %

\ H 5 75 T2 YHEL 5 A AR A R X

XTHHA R (E), AR y = y(z), TRAAE—RITEHBA 20 < LS <y <

SR y(a) BRI yio FRATIR {(z4,y5)} NERITITREYIE RS (E) FEE
h, B% z, =z +nh. THIAMNZG HVUERE (E) 05 REEME.

%&ﬂ]l%ikﬁ

\ wRBIERE
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‘ Euler (BRH7) %

Euler BRI 2R LB A, R S G ol

n — n d
U] ZV0) W)= HEWE). € lonnn -

FATECAFEW € {8, ol LS EAE Euler £,
ma; (1) Euler j&:
€ =, (fEuim), 18:

y(xn-&-l) ~ y(£ﬂ) + (xn-i-l - xn)f(xnay(xn)) (8)

M FEATE B FF Euler A 2:
Ynt1 = Yn + hf (Tn, yn) 9)

" PLIER, & Euler V2 —M&EHaH .
mfE (B3X) Euler j%:
W € — wn (23, T

Y(@nt1) = y(@n) + (@nt1 — 2n) f(@ng1, Y(@ng1)) (10)
MIEATE 5 Euler A3:

Yn+1 = Yn + hf(Tns1,Ynt1) (11)
NRAF yngrs» Tl LRARLNMETTRE, I8 IAVEH N R IE AR
Y = Yn + B (s yn)

k k
gD = g+ hf (@, ™)) (12)
— (k+1)
Yn+1 = kingo Yn+1

FIREHT, FRATATLLIERR, (& Euler Bt & — A .

‘ Runge-Kutta(#1&-FE1E) 7535

M Euler vERIHE A, ATATLIG 2] —L8 5 K o WERLATHEIELEIXE] (2, 2pgr] MEA R, I
RSB INBCTYY, #iA T Be S fis S SR I 5. T2 Runge-Kutta FEHEA T . FATHEHNA
2 B Runge-Kutta J772A1 4 fi Runge-Kutta /775, HE{ERK T
2 it Runge-Kutta /53%:

K1 = f(2n,yn) (13)

Yni1 = Yn + 2(K1 + K3)
K2 = f(l'n + hayn + hKl)

2 By R-K HiEEF 2 Mk E.
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4 iy Runge-Kutta /77%:

Ynt1 = Yn + B(K1 + 2K + 2K3 + Ky)
Kl f(xnayn)
flan + van +hi) (14)
fla, + Q,yn —|—hK2)
flay + h,yn + hK3)

K3 =

4 R-K HiEEF 2 rFsiE.

FIF MATLAB RB&84 R HE S

\ FiFH MATLAB K@ #4575 R 1B E N — R @ 5Ll

B RA AN — A2, Sk T MATLAB SRR 5 J7 10— ot F .
XTI Lorenz B (FLH B, p, 0 NSED

i(t) = —Px(t) + y(t)=(t)
g(t) = —py(t) + pz(t) (15)
2(t) = —wy(t) + oy(t) — 2(t)
BATL r = (2,y,2)" IFERHASH (B, p,0) = (2,5,20) B (B,p,0) = (5,10,100), %i’5

T

1 function r_dot = fun_Lorenz(t,r,beta,rho,sigma)

2 r_dot = [—beta * (1) + r(2)xr(3);

s —rho * r(2) + rho * r(3);

a —r(1)*r(2) 4+ sigma * r(2) — r(3)];

5 end

1 t_final = 50;
2 10 = [0,1e—5,0];
3 beta = 2; rho = 5; sigma = 20;

s options = odeset(’RelTol’ ,1e—7);
6 [t,r] = oded45(@fun_ Lorenz,[0,t_ final],r0,options,beta,rho,sigma);

47 iR, IR plot 73 AIZ DT RERIE (U B 1570
FATEATLARI A comet3 i 7 REAEM 2 [ s Can 1B 257):

1 figure ()

2 comet3(r(:,1),r(:,2),r(:,3));

s title(’beta=2,rho=5,sigma=20");
4+ hold on;

5 grid on;
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f#=2,p=5,0=20

| ! g s " i oy
Zi ’ ” w h“l‘\‘ “‘\‘ \M‘ nnm“\ﬁ ‘M‘ I "w “(r
hi u | “1“ 'l i WH l. “/ Mu q‘u M
o 1: rﬂfﬁﬂmﬁ% 50

B 2: ARIZECT g =

BTk, ASCHMZ—IRMER MATLAB SR 5053 5 R WM ol B 2N ERS

\ MATLAB RfgHERM S HEYHEERNERETEER

MATLAB SR 5 75 FEYME 1) U =R AR B, Bk T
K 1. EiERM

1 [x,y] = ode45(@fun_name,[x_0,x_f],y0);

w2 WA RIS

1 [x,y] = oded5(@fun_name,[x_0,x_f],y0,options);

# 3: A INS

1 [x,y] = ode45(@fun_name,[x_0,x_f],y0,options ,pl,p2,-;

Hrr: fun_name AP TIRE (A (IR R AL — O I B 4% bR B0l i s 8O0 E 0 CRARTE
BRI =NT); [wo, xp] FRMEXE; yo BUOIZYME HEAEVIIEI Z] 2o K4 EIIME; options A—
kiR R, RIRIEHIFIER S TR CRARIEE ARSI pr,pa,--- NS EL.
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\ BHBEE (EH) MHRRE fun_name BXNA

a1 ELEE

1 fun name = Q(x,y)(x*y);

w2 Frd Bt

1 function dy = fun_name(x,y,flag ,pl,p2,-)

Hrb: o AR CHR ¢ 208, IR RIZSED; y KRG E; dy RIRERERFEG flag
THARENME, EHIREERE G RRCAATT S, BIMAAIEA TR €, WA AR 005 pr,po, -
NEREP R E N2

\ Hfth MATLAB K@ 55> 75 T2 015 o) B a0 iR ¥ i 1t

B T i H I odedb PREL, MATLAB $HXF ) B (AN [R5 1 UROR R RO TS 1, 38Rt 17— &4
PRAL BARMIRR B IR, R 1R .

R 1 H WA TR SR AR R e i

BRAd MR SRR E

oded5 JENIPE A TIPSR AR A

0de23 NI ik FH TSR i EL A RIS 158 2 2% PR A ) 880l 258 1) 4 i)
odel13  AENITE (S FH SR FL A PR 1R 2 25 PRI ) f v 55 3 4 70 ) R
odelbs Wi fREIH FH TSR ARNIE A BT . 24 odedb SRARZEIGNT, 228
ode23s Rk ik FH 3R i 5 25 40 R 1 5 1 LA REL S 35 22 2 BR 14 1)
ode23t NI ik F TSR AF A B PR 1 F 25 W1 42 i) 5t

ode23tb Il fi& FH TSR i EL A LIS 15 2 25 PR A [ 880l 25 1) 4 i)

\ ¥R 5] ¥EIN options &1t

® 3 BN SRR

JE JETE TR

Error control RelTol,AbsTol,NormControl
Solver output OutputFen,OutputSel
Jacobian matrix Jacobian,JPattern

Step-size InitialStep,MaxStep

Mass matrix and DAEs Mass,MStateDepedence
Event location Event

sodelbs-specific MaxOrder
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B AN A E I TT Tk
BB EE:
#%30: options = odeset(’ JEME, {H); -

1 options = odeset(’RelTol’ ,1e—7);

THI [ X5 0 2 305 B TV
#¥2: options = odeset;options. @4 = 1H; #li0:

1 options = odeset;

2 options.RelTol = le—7;

F4T ING

L ARSC BB W JT REME U, e T R R BB L DU T MATLAB %t
SIS H o 7 R I R AR . AESEBRII N E R h, I s Ee H R ROE RS, Ik
i BN FAE LR P AW R

2. Ie4h, MATLAB 3R] LM bvpde sRECRMEH Gl AR KA E R AR, A3 %8BI [R AR LA AT &
Be BRE 3T
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MO THRERKRS 2L
N BIKFAIS BT —

E—EE: 2018 % HrEEMIE BTN

(s 73 77 RE AR FUE B A AT FU i — N BT [, ASCERS (3F) Jo 7 X B i iph 2 7 R B e S et
FORCRBEAT /A AESI A RAESE S Fourier R IFIAJE, 3 =K E K Cauchy BT
KA, e KR I RAIE IS FE 28 H HESHIER

KA WM HEEE. ZXEENRMD 5T, Fourier Tk, MRHYILIE

1% Bl

i

3

TERT S R 3oy 7 RE R b, sy 7 F2 B0 S R RE 2 E e it e i — Ny ), Hooe T
A FED k1 17 T e A RT DA AR 0 B VAT SR T E A IR () A Xk, T
PLFIH Fourier 284544 i 73 /7 FEAA & o i RE SRR, 2 J5 A3 A AR 36 B AT 38 i sl o 5 FE IO 5%
ZRFEHFFEN Cauchy M, HT Fourier A8#eXd b BOGH I H TR, 1ERM5E G 7 E X it
ITHAIE . ASCK R ZMRE 0 BN, w5 FE A B 3T M EA 4.

g2 Fourier Z#iAH X< &R E B

1T Fourier 284 76 5 IX 88 (s 4 J7 FEAG  0 E 32 T, Bk 9 56 AU Fourier 25 #e b5 345
BalfisE o NITERUR, AN A0S o RV, T A DLt — 5 RN T R Ak 55 5 0F B S
AT LA sk (U

HERE f € LYR™), 18 n fEME 2, & WEKIRTRINFIEHEA < z,& > & XH Fourier 4%
B f R

F(&) = [gn f(m)e™2m<m>dy
< 117,5 >= Z xkék (1)
k=1
FERGSE IS AE T, AT BASE S Fourier 284 3825 #e
f@)= [ Ffeerm<=5>dg (2)

Rn
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F&F R EIE Fourier 2846 ) = 26 B AP T «
e Propl: (ozf:l—,é’g) =af + 8§
o Prop2: |flwe < |fl: f %S

e Prop3: lf}im ff(f) =0 (Riemann-Lebesgue)
—r1n

LUK, [ A R £ B A5 AR R E AT

MERBLGE f1(x), f2(x) ESCPIREIERIT

f@)=fixfo= L f1(y) f2(z — y)dy (3)

ESINER G, AT UHES H Fourier Z8# 140~ =2 M :
o Prop4: (fi ;fg) = fifs
o Prop5: (%fj)(f) = 27Ti§jf(§)

e Prop6: (727rAi:z:jf)(£) = 3%(5)

MXES XD

£ bR Fourier AR IEANE BT IRIIE N 5 N SCE By T AR R TSR R, IR ZRMESE AR
AL PR EEEM . HIEAR T, JEITXH RS R S
HER 1

2 f(z) =e "l W) f(&) = e 7P

Pl EERGE T —FR B, EEH Fourier i ## BB IR G, AECRIEFAH R R EUE L,
A 5 B E B AT LA R 45 H
JERR:

B n=1 I, BB f(z) = e ™ W2 BB 7R

u + 2rzu =0
u(0) =1

i EIATER Props., Prop6 Ml f S HIFIAYEU A FLELA R I 5

w(0) = /n u(z)dr = /n e dy = 1

DL I 3 20 T R ARG ME— P T DA B f = £
FEon>10, fitEdEblH n MIRRSEREE, FEH n =1 S ETLES f = f,
UEBA e e, O
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Vo >0, BUTRAFML:

a+z?
[
0o Va

2 [+ cosf .
{ Ffo cos Bz g0 — =B

1 _82
—_— 4
7 e~ twdx

\

=

iR
AU f(2) = & A LA P 52708 0 B o B 0 3

R eiﬁz d 6iﬁz d R
T + z = 2miRes(f,1
/R 1 + $2 /yR 1 + Z2 (f )

Y R 400 BH:

ei,Bz 1 ™ )
|/ dZ| § / e—ﬁRsmeRda
yp L+ 22 R2—1 Jy
2 ERP
W/ 6_2 e RdO
- 0
2w
_ —BR
_—ﬂ(RQ—l)(l_e )—=0

LSRR Res(f,i) = &0, S M. B R K BB 20 S 204 S F o e A

9 [T
b :_/ cosﬁzdm
0

T a+ z?

FiRbE— 8 R AR B FRGRAE, 1 L 4 S T A 5T

V8 >0, BATRAZFIML:

+1
27|yl —27'ri<t,y>d _ r n2 ) (6%
& € Y= nt1 n+1
: et o)

JERA:



@ Vol. 26, June, 2020

HREE o =1 WHE, d BB, T T an NS

+oo —u
_4an?y)?

) 1 )
/ 6—27r|y|6—27rz<t,y>dy _ / (ﬁ eﬁe Tdu)e—2ﬂ1<t,y>dy
n n O
+oo —
_ L E_Z(( [ Lyne=ultl®y gy
VZ VTR

1 1 oo _g n=1
= —0 — e °s 2 ds
mz (1+t2)= Jo
- F n;—l) 1
- nt1 n+1

T (L |2

X o> 0, FTLVFIA BRI R, S FHESER, 4y B Ly, EEEE:

/ 6727r|y|aef27ri<t,y>dy — i 6727T|y|67%7ri<t,y>dy
n am R™
_ 1T 1
am gt (14 [L12)%
_ T n—2§-1) a
R (@ 4 )

E WA FHIETE - O

¥R 4

VB> 0, BE f(z) = el B f() = dprem T

JIERR:

f-(g) — / e*ﬂa|z|2672ﬂ'i<§,m>dm
R

n

2 £ .
e~ (moxs +27m£1931)d1,

ﬁ
Il
A

[
=
N

. 2
—mae 5?22

da:i

I
=
T

€

.
Il
-

N2 1 _xe?
@

e o = —Fe

.
Il
-

Il
=
N
Q
Q
w3

B4 =3¢75%EH) Cauchy [E)/

FEREERRR S, BATR BOERE Ty TR B P — A E Ay, B =R WA 7 e
(IR I
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F R ) (RIARBERS (A4 1A%, #Rnr AR T Rk Rk . s, R 2
AF (Poisson) H#E, WF: , ,
0 0

Auza—xg—ka—ng(x,y) (6)

Fepkih, 1€ f(x,y) 168 0 i, JRITRERINRE Hi i (Laplace) 772, XERATRMITIE, wrA %6 E K
T P TG B PR R IR BE 1 MR B A AT, AN T e A AR PR R TG R Bl A HL 37 [ P A S S8 S X R
T e PRI R Cauchy n] A LLAN R iR -

Aw =0 on R’}fl

w(z,0) = f(z) (7)
lim  w(z,t)=0

|z|2+t2 =400

TR S GEAT I LR AR, SEXT TP AN E AT Fourier A2 #en] LS 2 41 F 5K

{ 20 (2r]¢])2d = 0
W(z,0) = f(x)

FR SR R TR Y TR T ¢ BOE O IR, SRR LR E O TR 2

b = Cyemlelt | Cye-2rlélt
CL+Co= f(€)

SN B Fourier Z8 #5843 1) Prop3 W] 41:

m f(€)= lim @)= lim o(z,t)=0

|§]—=+o0 [§] =00 f=roo

gity Lk =44 (T AR 215 FE A -

N = fe—%\&\t
Hi Fouirer A%t Prop4 5iliAzn] DI S0 T 45 BRI A A7 T4 5 fiff 10) 80 e 2 (1 il -
w = f(x) * p(x)

n+1
Hep py () = 2020 L T FrJ9 Poisson 4.

™2 (2+[=]?)

HHE5E

FERTFURAE SRR, A B 5 F R 0 A 4k S BB I 1) AR A R R 5 W D B [, 28 2
WRTTRE . QT g RS 3O RE AT S R Rk

%—“f =Aw on Riﬂ
w(z,0) = f(z) x€R"
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f _FIRZE A FIRAE Fourier A8 #n] LLAS 340~ 45 53 .

40 — |2mig|

[FIAREEE g o TR SR AR A S8, 2RAbL Poisson 75 F2 F SR iR 7 VRN bl B 0oy 75 FE 34T SR A 7T LA
A IR SR AR AE R
W(E,t) = fe)e I

B0, X R ERIR BT Fourier WiAsHk, 454 Propd W LMSEIMI AR, RUAGHEA KM

YL T RE - . e

w(%ﬂZ(m)" Tk f(z)

byl idpag

R JE BRI RE R XU B T A, AR (S ORI TR, A g Y i XU 2R T AR

g

w(z,0) = f(z) zeR® 9)

%jg’ =Aw on RT‘I
ow _ n
Si(r,0)=0 zeR

R TTFE, B R L R AE Fourier 484, mTUMS RN R 458, JRBWIME &L
fai v N
t2 = [2mi€|*w
i o

i(z,0) = f
BE— A 8 o3 T AR B AT B IR FRIE SR SRAE T A2 B R 45 2R
b = fcos|2mg]t

AT Fourier WA R vl I8 R w, HAPFFHRHE —4E T~ D’ Alembert A3, B PLE U0
THEFS R

w(:c,t):/Rfcos(27r§t)e2””5d§

2mite —omite
_ / f‘e mitE 4 o—2mi 627ri$§d£
R 2

:/feQTrif(x+t)+e—2wi£(x—t)d€
R

= lf@+ 8+ f(z - 1)

E57 FREISIE

W T A Fourier 2B £ BA RIEFHDGHEYE, B ESCA R TE M, 20 s 21 10 g
BEATHRAIE, FESLLARE SR NG, B REAEEON — IS IE (R dERENE TE T LASRUIENT) . a0 T oy — 4%
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THRE (f el A) RIS

5 =5
{ wli—o = f(x) (10)
w(x, t) 2\F/ e S dy (11)

JERR:
NGB | f(z,y)| < M, AFLASZREPZE a0 R OESE @ 5 5

+oo 1 e
|Mnm§Mj: s e

BT T o S PRUE T — el fg, BRI AT DA R O 88, ] DA RPBGAE H Ji7 7 72
BT DR 7R LIS WE 25 A 1 IE A
Vg € (=00, +00),e > 0,30 > 0, i1 |z — x| < 6 BFAH W Rk :

(@) = fao)l < 5

R, A= 4, WATBASCS R A i M

}\J ]U\]EIEEI&D :\ié_f\ Ic;é/%\-

- B _ b oo " —)2 f(330) +ooe—>\2
|(z, t) f($0)|—|\f/ flz 42Vt e ™ dX — / d\|

v
+oo —N
/ / / (e + 2VEN) — flao)le ™ dA

EPN}EﬁJ\szJﬁEf‘ NN < S v e AN < &5, T N <A< NI, Bt—0 A

|x+2\f)\—x0| < 2, HU I AT
+N ) +N
%/_N 1f(z + 2VEN) — flzo)le™ dA < % . e d)\<§
G LT LEESE R |0(x, t) — f(zo)] < € FULATEUEH L. O

EEE -

[1] Stein E M, Weiss Guido. Introduction to fourier analysis on Euclidean spaces[J]. 1971.
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TR > & 1265 K E AR L

N BIKFAIS BT —

F—1EE: 2018 &% EERSITERYE  HAEE
F_EE: 2019 % EERES5IHERYE WNFEE
FoAEHE: 2019 B Fp LR XA

AL D RBHEOR R, ORI SRR TS R o NS g, DRI, BB 5 93 AR PR R 2%
R IR R IB T AR, T o 385G 3 B — AR (S A i el 0 T R I BB AR T i 2 7 R 5 A v e
BRINEMRLS 3 Fl: AIRZENE. AIRITITE. ARERE. ASCHEENAARESE, JFN
T L Y L A BB DA S A L R At T L 2 RJN g B R LA A ) 1 R, IR I
M BEAT O b, DU A L AR X 3 P AR

X RN HRENKERE. BRENE

FE1TH = 3w i85 F VAR )RR B

FEN B I 23 7 AR OB AR R 1 200 TR 312 1 A0 = Xl 20 T 78 T BEAT AL AR vl R AT [m ],
NJE SCEUE RS 1B LA

(RGE L 2 B R

o? 0?
bz T g =@y (@) €0 (1)
Ferp B — S 1R R (3L 2 AF AT LA S -

u(xay”(w,y)EF = @(Iay) I'e 00 (2)

B ZRIAFRAF TN R G ik .

ou
(% + a‘u)|(:c,y)€F = ga(:v,y) (3)
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R SR

{7 5 A I 2 O R 3 T

i @s0) 1)
MBS AR i
w(,0) = p(z)  —oo <z <+00 (5)
EANESUR Y SL NS HE
w(0,t) =g1(t)  ult)=g(t) 0<t<T (6)

BRI FEARA AN =R AR R
ou

(5, ~M@ule=o=01(t)  0<t<T M(t) 20 o
[%—Ag() llomt = g2(t)  0<t<T,Aa(t) >0 ®)

Horb A (1) = Aa(t) = 0 BIRRNER 2RIB A, NN =D %A,

Wit A FE

X 2 75 R R AT el R

( 0) = o(x) — 00 < x < +0o (9)

‘gi;‘:azgzu t>0,—c0<x<+00
oz
|t0 o(x) —00 < T < +00

XU T R I 25 At — B =2, Ho e ) S — RIL SR AP T

w(0,t) = g1(t) wu(l,t) =ga2(t) 0<t<T (10)

E27 BERE N FSE B K B A B B

A T2 PR R TE AR X AE TR AR 22500, T RER R R VR KSR Al BAEANA],
JIER A BB A A2 M 2 A, IRASREHERR— LA R, MW%&ﬁ&%ﬁ%&lc
b, AR N B i 5 AR T AR (R XE B R PR A 2 o i B 20 O R R e B AR e . BRI,
TARTEE A R, BRATTHR LA 20 8 25 i TR T iR STV B O S 02 B R e o JEL
PAEXIE N2, NIRRT
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ERENEEFBERE AL

HIRZE7TiiE (FDM) 2 EPBEE R R %, E5050 28 M. %07 308 Rkl
TP NZESY IR, AT BRAS PS8 R AR SR ISR . AT BRZE VA LD Taylor IR Jris, 1CHHs
R AP AR 3 RO PR 3 s 1 R 5 0 ZE P AR AT B, IS N7 ARG 5 s _E B DA AR S A AR KT
R . AZTTiE R — P E R ) A AR R R U B v, B S E, RiARR, RARE
PR H BB A BB T 7

R TTER EEZL BRI .

« Stepl: BEMFEKRMAMBHITHE, XN AARERIMEFFHBROMAET Rk EFERFE
THE KRR S

+ Step2: BEFRARMNE, HHET K LNAERERBNEZFRERGIETORIE, HITHN,
ZREFRYEARRYEARENEN, ASRESUUHENES FETRRMNE, BLZAHE
A e AT AR B IV BUER D H IR E MRS

« Step3: RMNAZDHIERGNER, TLUEARFERMILME, H—LRBURTHFES LIRS
AR F P HIARSY, ERESRIKIEM.

[, S AUME ] S BIHUHOR A A 5, bR g b s A R ISR R RO 20 T R L. A
AIRZEDEA,  H a7 A AT o) AL AR e, 3 — 2B SRAGIEOME. FTRASE, A IRZE %
T MR SRS LRI HUS A R U TV

\ HRE A SRR D EEANESRE

‘ Step1: KAEXIHAIXI 5T

XF T AR AL 5 R A A — AR R, e AT eIy, R PATER ¢ = a = khy =
yj =gk, 5 =0,1,-1,2, =2, ) K F X ML LE, Rl T

R = {(zk,yj)|xr = kh,y; = j7, 4,5 € Nt} (11)

SE MR DR R SRR R, IR RNQ N Qe WF T SRR LINE AR S, 32
FRAERILN Thyo 5 RMNE DB R EFOVAMET AL DA RN MR SR T QuT,
FROMIERI Y R, IEMIA S 4 fad sy QO JEIE Al Q@)

BTARP BRI RS A SRR R N i T REMIBUE R . TIIE (2n, 5) = (K, 5)5fag = F@h, y5)o

‘ Step2: WIEER AT

XFIE A AL BRI i Z2 i A e

2u u(k+1,7)—2u(k,j)+u(k—1,5
o500 = (;11) z i(z;j,H (k ,11) +0(?) (12)
Gt |n = M2 4 O(72)
Rl — AN IE NN A, T DA EEHE R S Poisson 77 AR AHIE AR 2243 7 FR 0 R
Wt g = Pk ¥ UL Wkt T 2k U1 g (13)

B2 72
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FRERETE G, 0 S ] B RS s M i R AT S SR Ay T RE, AT
TIRERME, IFAE Stepd HEAT I HER A R 45 2 3 784 75 R A o

\ R S RN E E = 5 Rk

PRI 5 FE B SR At DX I K A0 AT DL 5E ARG [ Y FE R 47, IRIEE U AR BEA T35 IR, E 8 B
H 2243 A B S5 030 (E 24 HO 22 A A B,

‘ W FEiERIE IR

TEPIRE IR (K, 5) Ab, X 9% SRRIRAAIRGT . )5 KO0 m AR, x5 RAZHOER AR,
PRl A LUK — At S O7 A tn R = 2 2 0 U 3

{ Uk j+1—Uk,j _auk+1,j—2uk,j+uk—1,j =0
hZ =

p
Uk, j —Uk,j—1 _auk+1,j72ulz,j+uk—1,j =0 (14)

p
Uk,j+1 Uk, j—1 auk+17j72uk>j+uk—17j — O
27 h2 -

‘ LB EF AL

FE—FKn R FHHILIE:
S I RO R, R DAL R R R AR B0 R oK

Uk,0 = Pk
Uo,; = 915 (15)
Un,j = 92j

B ZHRIDFFMHRILIR:
55 ZIRIL RSB ¥ G BELE T A R F 22 R AR i S G, R LA Ay A P A T R S 2 R
s O ZERACE, IR R s

Ui,j—Uo,j . . — .

I = Ajuo, = 91 (16)
Un,j—Un—1,j _

% + /\2jun,j = go;

IR TR TR D ZE R, T BRI SO e BT A AR AR L BEIEUE B O e
FET B RS R AT

Un41,j —Un—1,j

“1];7;;*1]‘ —/\MUUJ = 01j (17)
2h s+ Aojlinj = g25

\ e B S FEHNIDE E B = 53 L

LI L8 = 228 gl 3IRHER v = 28 vy = Q0. R TR AT ML T — it
SO0 77 R

Ovy __ a2 vy
ot ox (18)
87.12 _ 8v1

ot ox
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18 v = (vi,ve)T, WIHFRART LLR R NFEREE A
ov 0 a? ov ov
8t:<1 o)&n:Aax (19)
R w = Po = (wy,w2)T, 2 Lambda = diag{a, —a}, "TUAENWI R, BB N0
ST — B Xl Y 5 FR IR SL M ke 5 5
w w
(Rl = B2 8 — A XU T O R AR ), G

{?;;Jrag;:o t>0 —oo<z<+4+00

u(z,0) = p(x) — 00 < & < 400 (21)

WA R LAASE P SRABLRT 9 b 5 RE (1 SR A VR 1 5B 70 R, st — 2Bl AN TR PR 22 e AR O 5 0,
PR T PR LB AT R, R g = R A R 22 e

{ Wbl ZUkyj | Ukl —URG ()
- =

P
Uk, j4+1— Uk, j Uk, j—Uk—1,5
k,j+1 k,j —a k,j k=1,j __ 0 (22)
T h
Uk, j+1 Uk, j
T

Ukl TUR—1j
a o7 =0

EA4T Rt BEfEN N AER R EA S RE T

\ BBRTTEE 2 B B X I F SE

BIR T IAER#ICEE (finite element method, FEM), J& B3 BF 1+ HHL I & & M dGE & ik
SR — P 72 A S BUE SR 7. B, EE SN TSR ) S — WL . B
SRR, RCRASEMARTE . Ry, BIE MR IR . BT X Pk A R, AR ook
(R FH O MR A 1) R o B AR 2R A (R R, A BT IO RGBS A B TR B S 1 . G Stk . KBRS &4
Bl MESAAY & B IE LA .

ARG AR AR S R R FEAMBGR &L, R B A F T E e g & 7, AR K
AL A EE R It ARG, FREE T R AEE S, A3 — R R
M 2R R IR TT e DL EHR NIEA, B T RE Bk, R T ARMEE G, SEEA
A A BRI i Il 1S B eV & A Wi A RE PR BB, BT T S8 o R BE 9 7 B2 F
B ot T AR A I o 8 A PR ey i st A e, AT DA SR AR SN D 2 OV 2 A IR TG I/
A EFEE W IR e, s — R BRI AME,  E1XF B il 43 B /NER G, 380 b js BT H X A 40
BRI AT, A RRNTEME SR B2, REMNERIFASKEHE, Mo, SrRE, A
FROCIELETH RO B RO AR m 1), FEE AT DARIX MO R IR, 2 &2t s A k.

AR iEAE TR i = Z R R AR G, gtk s i, S5, R0
B M % . AIRCEREI, MEMERNETARRME MG TH& T M, Booh b 007 &k EoR 41,
JCARMI— 2, P2t B AN AR R B D, P2 T SE RO . TR IR AR 4t
R 35 AR, IR I A T AR AT, R BB T I A T IR R P e o A, aRER T i R
PRSI AR IR RS, # H AT IR CHETE TR A R A .
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\ BRTTERIS R

fimfp 73 75 R v B A BROTIEAE SR A I R v, ) DA BB o R G BB R 1, e B 3 O B A B e 2
L, MME R ESR R TR . BRI - BRI

a. 5 EHAELEEN KRG HT IR, HHEOVIT LI ERES . B ETT, 5 EE
WRFTUBER I RFER MBSt (8, S5 R SEmaEs. —BUBAL T, =4k ) s # i A iR
N=MTEE R = 423 (R A 02 2 T AR5

b. BILOH: EFIKAFRXES, SABATT G REE, el s oo i E R R it
AT RIFEEE, AT ST — AL P 4 {1 R 45

c. KEENES 532 187 LATHEU e RE SR I BB HEAT AR, SRR 230, [
I 93 DX AL A R 8 e 5 AR LR (R R A R GE A R TR — A, T SR T AR 7T LU = A
VUiL T sl RN AR . ANFERRTCH, BEHE —Len] DL () ek . XU PR B & R BN
SERBI TR G . B, RS, TSR T R .

BAE, ARTCECENATEMAMEREMRF . BE N R, GRTEeARiTEhEL
fibids, DAE T ok 5 2 i

ARAB L B B R P

ARAEBE (FVM) XFOEHARIE . AR TS 2 R X B ROy — RIIAE S
R EE R A RAR . RIS, A [ RS A 0 DU ol 84 28— N AR, 53 Tl — 8 I D5 90 5 B R 1) 5
FEEAT RS, B2 B0 . B 2R s AR 2, WCE B, IR HAEA R SR
Mo A BT o Rk, AT RIS B BRARARIE S AT 2omt A& 1 X i

A RARFRE I A BB 5 T2, JFREAS BRI B MR . RO R B L, b AR AR
A BRI/ P AR o (K 7 4B R B, ) el 7 05 R AR 1 TR A B A TR PR /DN [ 42 ) A A b F) < 1 BB —
A IREBEAS KOS, ZOREARE AR SIS — 4R AT 200 2, X A RIX I,
ARG RN Lo XA RABIER S AL S AU %, BIInARZE %, DS R4
B, BECTREAE R S T PR AARE R AR R LR, SR H R R 4 S

WU BOTATT S, A WRAABUETIAEA RS TCIE A RZE LR Y. A BR ook e AU e (E 18
PRS2 1] AR A CBRIFE R B0, I AR RIT M . A PR ZE 7013 R 5 R s L i B T A5
AR R BT AR . A BRAABE R FRIVEE Rl R S5ARESFME; B RAEBIEET K
FERIARAR ARG, b 2B E (ELAE WA s IR 0 AT, X S IR TTIA MR A IRABE S, 4
EREA N TSR AR Ry, JHEBTECE, @ EREERE: RFEME, AT LR
375 R AN (7] R TR BA 7] ) 476 L bR 4

ﬁ ERSFERESE

B RS T AATBAE T, IF BT AR RIS B ARRE . e ok XAET, 8 F A PR AR AR 2
BEIMEHOTRE, SERHARIL 7 SFEME, wRIER Y 5 FE AR PR AN W A 1 i 7= AR AN W AR /N R R R
JREESFE S FAE R . AR, R DA L R GEE, fRk T RS T E RO A ek . RS
BUE:

a. RS E]: EiHELRE YT, BT EE XIS B o8 —E S B A ER AR, 5%
NG LIS R AR A — AME AR BT, T ER B 7 FEAE B 2 00 42 ) A4 AR P B EL A f s ] 1]
b P AERA 43
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b. IR ANEEERIL: 6 7 R o8 Bl 3, D AT R I TR B A AR A 2 i T RE R /R
FBL, PRI, IARIPT R R RUE, S T RERENEAS B L M R

c. BIB: XUl EBRB I — RIVNERAAT IO, ERAFER, S8R EAR R
HrE O RERE .

PG RIREE, BORBREEM 2 17 H, BUE S, AT S R

B57 INGS

Dok 73 75 R BB ARV AL BB 0 A b A R B BT, AR 2R 2 BOR D A B TSR3 1 i
DITREREER . R =2k, RPN AUNEEA TIRKKIARE, T HAER AR BRI
MR B ERE iz, KM TR Caonki S TRIFENZ 0N, W82 RX R T E AR
2 B RONE AT I ER A, R L, ATRAA) FORTRAN 8 C i &R g X L8 iH4E, H i
THAKS . WERER, RETVERAKEMR. M MATLAB &M T8IETT R Bl AL,
B 73 UL SBUE TR s R EOR T R S A AT, AT MATLAB W] DUBAE A% S i i
B R R BOR TS AL









4 % &
athematics of Luojia March 2018

Gt Al . B 5 IEE SR

AN BIMSHEL  WRF HRE ———

F£1H RERBE

it — TR Z R, — ARG Tl A RS R 2 ARG, 25 EAm T =
HZERPIE. CRETRESEF NS, T 2ENRRERES, Rit2E2 080 T “WITE
57, “BUREE” M “Giit ikl =R B

“gitt ot Rl REER DU BURGE TR I BUI T o . 1908 4 ¢ 73 AT SCHIHEAE B S T /EEA
B RFEAR T %, JHEIT Gt 2L e,

FEH LMY, BUAFATBEEL TR ZT . S EIR AR/ IR 2L, A%
THEEAT T LUB I S B S

Gt BT FUE T R T R G TR T, @ S TR L R I B R, R
LGRS NEMM L L. IS KREdRE . ZRBMINAERT, WAIZEEARARRE KR,
IR BN A L AT AET A SRR 455 (15 2SO 1 AR 8 ok 1 e

FEAGHERG 2RI L, Bt — D@ G2 B, SVESFEIRIRE S, A EERE
SR AR LY . AT, WATE N ARG 2RIAT %, A AT Bl
XGETH A R —E AGE, RIS AT ARE R R Fp AT i SR R SE L. 7 R SRS SR v, AT
A5 P 7 SRR AR A PR RIS S 28 81, A X ) 3 T AEAT IR N IR 3]

21 MGt RO KEREH . GEEAEE G Tl DU 5 FRAE R A 2 m 5 = A oh AR
ATEN, Gk #E SR A S KREARN BT, OB AR R Em A 27 e . N TR fE
CAPE S NS Y EP

E3T TWRHGET

R 2B BRI, THEMG BRI RG . HIRe . R MLr R4, BHIEHET
H O GLAE, BRI Re i), eBER NS adr TR, IRFKSETH6 I Dhfg; RiEm o5
KRS S ATHRABERA AR L, ATSen 3. 836, F Pl 3 5E LIhRg.
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TEXBZENRSITIEIS

AN BIUMSWIS  BOAE I

F—EE: 2018 % Sit# i 5
F1EE: 2019 &% HeER I X & A
F=EE: 2019 % St AL

RPN R DA RFRRAS 5, RIZHENARRVEER R M EZ TR, EHRMERE0
SRS |, AR R ORI AR SC R BT DL IR A2 A2 B AL 2 (A BOAR SGHE OQ AR IR BB A DG B L
(B =75 R AR ST AR LA R A A AR, (RIS AT DAL BELE AL AT B0 Hefh B LA B AR AL RS, 2T
AL ZAE B, ARIEEESL, 0-1 2E . ARUEREEAF MR AL, 7T LLgs 2R [ RS 8 ok AN 5] 1
R, EASCH, R R BRI SEIE

KR EAGRX M. TTXEMER, R (Y

E1T TRAEKRANZHE: REMEXIHT

ISR MR AR o R B T S B S RN L, BARAE T TRk — BN B A H A2
AR EACR PR R IR RRE L . 5, DASH — e R AR B {5 3 A e SR A S AR AR SC AR 2R

BRI R X = (X1, Xo, -+, X,)T H5Y = (Y1, Y-, YT B (X)Y) BMEN 0, W72
RN IERE R X, TSR e S 2R A 5 23 # il R e o s pIe A i AL

max p(V, V') (1)

L V=alX W=ply
s.t.
Var(a?X) =1 Var(pTY)=1

\ RBAX DT EREES

e, FERNT B A MR A SR AT IR RS 2R
¥ Z = (XT,YT)T, 5 X = (X1, X,)7 A p ABERLAE, Y = (Y1, ,Y,)T N q 4eBERLE
%’ Z:;U\jﬁ p S qo Efﬁl:

E(Z)=0 D(Z)=%= ( ;; ;Z ) >0 (3)
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_1 _1 . R , N
LT = X? 819857 JFBp 7 TTT FAFEER AN AT > A3 > - > X2(N > 0) T Iy, by, -+, 1,
AR AL IEASRFAE B, 0 R o X\Y (58 k KRR DG AR B R A

ap = Uialk b = )\];122_212216% (4)
P Vi = ol X, Wi = bY BN X, Y M55 k XPHLRUHISEAR &, Ny SR k ANILRMISE R %L

Hy DA _F 5 B N 25 SRR DA B 40T 4518«
1. [ 2 SR S 5 [R] AR AR S PR AR

2. AL B
|

p(Vi, W;) =0 (i #k)
p(Vie, Wk) = A;

S UL MR, g i Es K D(Z) MBS T

B Vi, We 9 XY 58 k SIS R, WV = (W, V)T, W = (Wi, Wp)T, Z =
(VT WT)T, U BA_E s S A T 4 i

I, A

D(Z):E:<A .

) A = diag()\l,)\g,-~- ,)\p) (5)

S A LR E S T DL R BEAL I AR L AR e, W DA — 249 35 = AR TR IR

"X A p AFEHIEEY ~ q EHENEE, £ X =CTX +d,Y*=GTY +h, MBWATE
®:

()X Y EBEEXTEN (o)X A 0)TY*, BEXFRa; = Cla;,bf = G,
Heha,b; A XE5Y KNS i WHEEXTEMNRE.

(2) &MTURREERXME, B pl(a))TX*, (07)TY*] = p(a] X,b]Y),

\ HEEX AR BEERE

B, R X5 Y ZREETCHRKR, WIEEAT MBS, FIERIRKE — TRy X 5
Y W Ts ERRE RN 0 FERE . TR ZHEREDY 0 F5FE, BEMR Z ~ Npyo(p, X)), FHBBRELT %
AT IS Geit &

|S] ~2
A= = 1—X; 6
Sulisal ~ LLP0 =30 ©

Horb pq BriERE S 2 X IR KBUEAETE, Si1, Soo 7052 11, Yoo HIECKEUAM T, FEH KT



@ Vol. 26, June, 2020
g

BRI BRI AT LS H, (ER W] AT IE LA BT, R 4E Y Box HURIIGTT %
—m1n(A) ~x*(f) (7)

Hftm=n—1-3(p+q+1),f =pg BALBBOVAMIBLIL, BFHMAKTHN a.
IOSRER — KRR, T AR A AN R R R AR 0. ER IR - HM R RO S
R KRZHUEE, MR FREEMAERS, FEHERR A\ B9F 0 . X R Bartlett #2Hi#)
KEEARR IR N I S it
P ~ 2

Qu=—ln—k—5p+a+1]Y M- x) (5)

ik
W ERgiBAEREEE A, =0, ERSIHEAF W T oAm:
Qi ~ X*(fr) 9)

o fu=@—k+1)(qg—k+1), EHEHBCAMIBELI, BEMKTN a.
f£ LR, Fra B4l BB k #RT LA AT BLEEAT Xob R 40 ) it AR AR S A B RO SR 1L

\ RBTRHT--E B R RBHHE

] VSR i s B RS, € SR E T T

1. W5 AR X BENLIA A2 ) 31 AR B4 R L -
m p
Ra(X; Vi, Vi) = %er%xﬁv;@) (10)
k=1 j=1
2. By R Y BENLR EAA W MR 25 B2 LE):

Ry(Y;Wi,--- W, ZZT (11)

k}l]].

SAH AT DASE SRS 53— 2L BB AL B 1 S 7R A () 5 R B L A«

L gy R A SR AR B Wik X BEHLIA R (S B R .

r?(X;, W) = AiRa(X, Vi) (12)

NE

Ra(X;Wy) =

b
<.
Il
—

2. e AR VR Y RELIE RS S B

Ra(Y; Vi) = (Y}, Vi) = XeRa(Y, W) (13)

<
Il
i

Q| =
=

U0 b€ U R (X5 W) AR SR AR B 4L A2 ZE 4 8 — 4L b i R AR e J S0 BRI 1 20 b, FOR S — 4
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AR TUARMEL . W EE S Ra(Y'5 Vi) R JRAZ B (AR 22 4 B8 — A rp OB AR B 3 SRR 1T 20 L
MRS — A Y TO AR DI
TUARIN S AT CAAA T AR (8] AR SSRERE ,  TUAR I BB AR B A G RE BEbkg

\ HRBAXIHTH R RARELH

ARARR MR AN G R T L, HIE R B ARk A, R s 25 E
BV AT A SIS AR A R W A SR IR 5

CCA.result = cancor (X, Y)

X CCA = X %+% CCAresult$xcoef[,1:dim]
Y CCA =Y %% CCAresult$ycoef[,1:dim]

© 3 ~ o o [N w N =

lambda = CCAresult$cor

[
o

g2 I"XEREESBIES%

G ARNE R S T S & MG T, MR B S8l Btk e Io R 4
B AR BER A E. FERAEISCE N, Lk RA b 2R AR RO SR HR M IS A i 22 5
R RIPR A . TR AL B S I (] A IE 2R L BB s ) U B U S R )R T AE R 2 B TR
LRI . PRI RAR HH A S A 2R PR 0T A e 2 M AT 1) 3 A 78 S 4 e

\ y;=NEUEY il

IR LA AT BN T O A B s R A, ERRA 2 A 10 SR LA AR B AR B K 7
AfE R, XA VIR R R 2 eVl RS VEA 38, TR 2 BE GO\ — Pt 3o v R A e g [ A AT
5 & BNARA I A X T A B ) o A FIA DAL 5 A (] VT A R S8 ]

BB X A — M AT FBENL AR R AR BERLIA &, Y AR, BIURER B Y IR 7 A
I, A DA S R A A ST e ) T A

log(E(Y|X)) = 07X (14)

‘ SHMAIUARE T

T Y BARA AR B, HAERARIE S gs T R, FIAT PSS g Y IEEARS
HEREGL DAL AR B A T

T,
ML eyiaTﬂfi—ee i

P(y17"' 7ym|$17"' 7$m,9) :H

_ 15
i=1 Yi 1
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HBE— 25 AT AR ALK R 5P ST B A 4 2K bR 4
LOIX,Y) = =Y (it 2 — e ™) (16)

i=1

§8% P Newton-Raphson BT 515 B0 BAR AL SR ARAR SR ML, 280 2038 48 ) A 1
NN

‘ HEEBRE

FRANNE B poxt e 22 IR PEEATAR 0GR vERa A, BBURARE Y IRMIARR A, DB
AR 577 ZMEERVERT, T RN XA BB, Y RO AR T I R BIR . R
EARMIARR AT, DHE AR IR T BE™ A FE AR, 7 A B B A i SR R B U R LA

L fEIkR R e 1R B R

2. EXF JFUUR BENL AL B HEAT LN, B MRS s TR I R A A7 A
3. AR EE b, EEMERBEE TR R RS, ROV EAT AR R L.
I A S PR O I R S A (R )«
- 1 N

& poisson [ VFAREAIH) & J5 BB AR dev, WhkZE H HENAf. W& Feilndin 20

THE IR ;
ev
IR FAEE R B 1, R P HIAFAE ™ R R RS 3

BB R PP AEEAEM qec ®ARIBRECEEL, WR MBS B ANE, TS
AR TR IS 5 25 FE AR A e 2 AR B DR SRR 3 A

' JAFAEYARYSEEL

TAFAEAFLE ROARAF KR Kb g T AR SE, DR ST J e o P 2 PR R B 4. gl
PRACAT AU R S5 R 5, AR Blin T .

2 library (qcce)

poisson .model =

© ® ~ =

glm(data$y.poisson ~ namel + name2, data = data, family = poisson ())
10

11 poisson.od.model =

12 glm(data$y.poisson ~ namel + name2,

13 data = data, family = quasipoisson ())

14

15

16

17

18 poisson.coef = as.numeric(poisson.model$coefficients)
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19 poisson.deviance = poisson.model$deviance

20 poisson.df.residual = poisson.model$df.residual
21 poisson.value = poisson.model$fitted.values

22

23 fai = poisson.deviance/poisson.df.residual

24 qcc.overdispersion. test (dataSy.poisson, type = ”poisson”)

\ Uyt q=E]: il

FEALGER I AR R v, AT DUE I e SRV AL RO T, R AT DUIE B A o B A IR ok
S, et UL R 3k — 20 B 2 PR B (U AS T PR B SRR T . (ERAESERRII RN T R, i SR B R B IR,
[ VR 2 1 1 A2 B AR BN B 5 i M T S BB RO B e, Oh 1 Se RO R U, SR R R
SINIEMIE,  [R] ARAE T JE i -

E(w) = Eos(w) + AJ(w) (18)

Hrdr X\ NS EL, A R EDAE T doa] DU [R] A PASRIS A R O o
AR BE IE I AT Loy A R [E1 . Lasso [A1VH. ElasticNet [H1H, 20 4351468 HA5i 2 pf 05 9]
PAfdTH 25 AT A4 ]
w

EIRRERL YU [ R R (R % pR K, G A I 2R e RORT B I B DT RE AR AN E AR A AT
A P 2Bk /s SR A0 2 SRVEAS Bl de 4 B R B THE I T

wyig = (ZTZ + N2y (20)

XFEARER R IR BT 0 RBUNRAPLAR, PR Lasso [MIHIEMBUHEATAZIE, 40 & B2k &
.
J(w) = |lw|h (21)

HIF AR, Lasso [B1J7 A GE1E R VAR R S db AT e LA AL B, RIS R i, (H2
A ULA R o R EOCR AR FIME B IF) L. 170 ElasticNet [ RGZIZ PR EHT7 R0LRE 458, AT LA M s
AP NS
J(w) = pllwl1 + (1 = p)[[w]|? (22)
M SHAEEGE 1, MR R B IR E W], 5T 0 1, X ARGE KRR R BUE IR W
B, R T IXAR R BRB IR TT I, R R SR AL R R T AT SR
1R EAZ L 0.5 1A ElasticNet [FIASA%1, 45 H R BCFSEILE I 1] AR ACAS -

2 library (glmnet)
s library (MASS)

9 elasticnet.model = glmnet(x, y, family = "binomial”, alpha = 0.5)

10
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11

12

13

1 elasticnet.coef = coef(elasticnet.model,
15 s=elasticnet .model$lambda[16])

\ /N Sfe [ 34 A

F G2 (B VA 75 2 5 R R AR 2 04 B B AL BB — R i 5 — BN R I A OC &R, RIS
G SR 5 S N A AL A I ) (] R 0% R AR AR A BB MBI T 5 2L B AR, TR ORAR ) i e
/NT3EEIA (PLS) R LME N —ANEE AT ik,

WA R A (Y1, Y} AEAEE {X,--, X, } WAZE, PLS BN E AR
P 2H 8 5 R AR SR B K — A R 20 o R PR AR R ST [N OR 2R, A 5 2 R I A — R AR AR I 5 TR
i, BAREREAT

‘ LT ERRI

WX = (X1, X Y = (Vi Yy, BRI WAy Ty, Uy, SIS AR AL R T A
X8

Th=wlX U =vY (23)

{ wlTwl =1 vlT'Ul =1

max ¢ uy

xf T IR SR AAE P Biks B oRIE, X B e A B R AR S5 1R A v e
. EE2

BB M = XTYYTX SRMRFAEER 07, TR RAE R RN wy, 325 v ATE
R AT )
v = H_YTle (25)
1

‘ I YRR

S Y ARRAS X SRR T WA, AR

X = tlaf + E1

{ Y=t +F (26)

Ho T X 5 Y & SAHEAUNNE, Bk nr DO &/ —3fefl o 15 2 R B0 A5 THE, @ aT
DAAS 3] [ YR 2 1) ZR Bt v 25 R

(27)

] = (t{tl)ilXTtl
B =(t{t) YTy

PR AT AT RO ZZAEAERE By, Fr, IR Py PoTsR MEEIL U 0, YOS — Ry (el H 2t my
P AL 5 2, W M SIS oY, A0 R TCVR T A LR, AT DA b R B 2 R A AR o L ) 2 B 2L



AR RN R A DA b P R HCHAR B e 73, e m LA B 40 R (1 Bl )3 75 F2 4
Y=t + - +t.8 +F, (28)

Tp = wa X1+t wemXm (E=1,--,7)

2020 4 #.55 26 ] @
{ X =t +- +t,af + E,

BT T Y. X ZFHKRR, FRXTRELRAZREATER, 7REEY X 5 Y KEHTRE:

Yj:aj0+aj1X1+~~+aijm (j:]-a2a"'ap) (29)

‘ RIS 13

WA A ¢ ARGy, BRI R R AR RS, F RSB R O ET 1 AN
BEAT 1B R 43 B TR B8 J0 BRI [ AR RS o A0 R A2 — A E SRS A 1 BT R XIREE

FREEE T OWIE, AR TFE n-1 MEANME L. PLS A, REH& X805 i M SR
MNEH k Ao E B EA AR Y AR RS | AR B BIIE ;0 k), BRI N1 &
n, AFRAUTRNRELY BTN ZE TR (PRESS):

M@

p n
PRESS(k) =Y PRESS;(k) > (i — 950 (k=1,---,7) (30)

j=1 j=11i=1

Ak N1 EE r, HAEREBHT PRESS H/h M k, 4 1 HUY k BRI A5 2 HH R 2 1

E3T SEHR

(1] VXK, Z5RR8, OO, XSl 25, T v AR R i It J= 3 M R RE 56 3 M 75 [J/OL). Hr 515
K25 1-6[2020-09- 20].http.//kns.cnkl.net/kcms/detall/11.4494.TN.20200729.1017.006.htm1.

[2] Muhammad Qasim, B. M. G. Kibria, Kristofer Ménsson, et al. A new Poisson Liu Regression
Estimator: method and application. 2020, 47(12):2258-2271.

[3] McEligot Archana J, Poynor Valerie, Sharma Rishabh, et al. Logistic LASSO Regression for Dietary
Intakes and Breast Cancer.. 2020, 12(9)

[4] EAE, FH, arEN, VPR, 4T, BRaLF, KRROT, BRI, J T RAMDGIE A ) R lml A B
)75 2GR IR AN 6 A R DO N 7 v [J). b AR £54,2020,37(13):1574-1579.
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%
ahemaics of Luojia March 2018
HRIEPELE S5 R IRERIZ

AN BIUMSWIS  BOAE I

F—EE: 2018 % Sit# =
F1EE: 2019 &% HeER I I &4
E=EE. 2019 & LEbEe A3

FEREHE N T ST, mdE R A & R A B ) 58 R Xk DL B Rl mT AU 7 ik S4, BRI
S EE I B E R B REAT A B . T o Ml X AR AT AL, RERACE R AR R R,
LA R gl S B s N ol AR E AL A S IR ML VE sy, g AR B IR (1
ik, BBVE BRI E ;I 0 BB m] DO 7 (45 R AE 45 R AT ge itk . A 4
() = AN T7 I N Bl B A I H s

KR ERSOHN. BFOHT SRS

E1T ERS BT

FE 43 5r#T (Principal Component Analysis, PCA), s&—F&ilt ik, B K. JFI/RFH (Karl
Pearson) XFAEFEHLAS &SI, H. BRI VA BIBEHL M R A0E . @R EA8 2 Wk — 4 vl fg
FFAEAH R B AS B R Oy — S ZVEA A ORI AR B, T4 R I IR A AR Y 2 iy, A5 B IR/ Nl S 2%
V- J7 MR TT 22 KA &

T 6 n] DA tH 3 O R A e S

WX = (X1, Xo, -, Xp)T N p 4EBENLIE, SAXKI T ZERER, K Z, =al X N X 15
i FRS (i=1,2,---,p), WH:

(1) afa; =1,

(2) HBi>10, alYa;=0 (j=1,---,i—1)

(3) Var(Z;) = maxVar(a® X)

PR B TR 5 SR oy (SRR S 26 P AR LR KSR A, RILAESIME N B(X), TTZEN
3, AT RUER AR R R R

{ #(a;) = Var(al X) — MaTa; — 1)
=2

AR LA S S IF U HR SR A R
LB X = (Xy,--,Xp)T & p qEBaLIE, HBrZRFEN S, FHIEEN A > X > - > A, 20,
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Zi=alX (i=1,2,---,p) 2)

R AL EAS MO aq, a2, -+, ap, WX ISR 1 R N:

2. W Z = (2, ,Zp)" 72 p dEBENLIAE, WHAE Z,(i=1,2,-- ,p RIGZ X 5 1 ERPHI7R
G BTN

(1) Z=ATX, A NIEHLE;

(2) D(Z) = diag(Ay, Ao, -+, Ap), BRBENLIEIE Z W07 ZZHERE 90 f FERG

(B) M>X>--2> )

\ ERSHERER

FETHT— /N E R A S I EEM, ASCKAEARTT IR iy PR A MR, A5 SR 3 i
3BT B A 2 T 2% o

LY = (045), A = diag(A1, X, -+, Ap)y HH AL > X > - > A A S KIREE, a1,az2,-- ,ap
ST ML) B IR AS AR M &, IR IEACHERE A = (a1,a2,- ap)e £ Z = (Z1,---,Z,)T, H
Zi=al'X(i=1,2,---,p)s

D(Z)= A, B p PERSHSTEN: Var(Z) = N, BFEERSFHE.

]

p p
>0 =) i, RDRKMERBERNERSE X HNETE (HEBHRE).
=1 =1

ERD Ze ERIGEE X HEXREE o(Zk, Xi) (RRETRAFELERTHFTE) 7:

Ak .
P(ZIsz) = \/_ka b (k,l = ]-’27' e ’p) (3)

Oii

I SCH AL 8 i 2 G 1 i -

p
Ep2(Zk7Xl):1 (12172a 7p)
k=1

p
ZO’iin(Zk,Xi):)\k (k:1’2’ ’p)
i=1

\ HATRIBEENA

TR I AT I A ELE R AR A AT HE P BOW RGHEATER G VP, AR T R o AT A A A
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BRI AEAL . FEAHSC R BOERE 82 . P8R £ i (5 ROtk I SR8/ itE
HAEELRE, FICKIE 3T -

‘ BIRAIREN SHEX R EOKAE

HIF 5 M EFR I B A BORIIZE R, I AT RO REAR S 5 SIdabr R bngn 5 1
W 5 F MR T A U R T IR HELL, LRSI R N5 0 B E AR REAS .

Tij — T

T = T (i=1,2,--,m j=12-,m) (5)
J
T = 5 Y Ui (6)
Sj = ﬁ i (@i — %)

ST UL IOREARTEFE X = (7)nxm, B —FUIIME N 0, J7%4 1, BIIETT DABLEAR T =i Sbaik
FEARIOAR R R BOERE, Horb vy DR5H 1 DNEEE § NMEARIIAESC R EL

1 ~ o~

R= XTx (7)

n—1

‘ HAERD IHEIE:

AR — /N E O R, BB R EFERRHEEAN A > Ao > - > Ay, > 0, XF RIARFAE ) &
N U, Uy~ 5 Umys Hr Uj; = (u1j,u2j, te ,un]‘)T’ AT A S G T 5 ﬁl‘l’ﬁjiﬁkﬁ\ﬁ#ﬁ

Y1 = up1T1 +u1T2 + -+ Up1 Ty

Yo = U12T1 + UaT2 + ++ + Up2Thy

Ym = UImT1 + U2m T2 + -+ + Upm Ty

‘ 52 TR HAE -

L4 o NIRRT BT R 5 S L TR

BRI p ZEREHLF R m AR, XERRFEAE B8 Aoy WA LAKE by = i b

i=1

M3z
>

NERT Zp BEBTTRE, 225, L £

k
— EXAERS Z1, 2, , Zn WIRITTTHRRER

it
>

PR 2 R DTHR R AR I 7 m N JEEEE 1, WA DU m A 0 LR A R
AER.

‘ MNEMEANEERTED :

fﬁui;@(% TRRRZ A, TR IR 2 B E S IR 3 0 fE B kR A A SR
FEARR W57, kX

Z =Y by, (9)
j=1

XA R L A3 70 Ja AT LA 7 AT HE AR E BEA S, 3 ey HEr S i A2 i
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Jivief o (22 A B, BRI 2 3 AROIIASUSR AN T EAAACEIA 32 1 20 5 AIE (14 11 BE X REAS AT R 4T 20, A
FEA PR — MR SR AR MRS, AP IE GRS .

\ ERMS AT R BAESCH

TR TR 2 S R PR S, R O R BB B IS SE M, AE R B
i1 preomp BRECAT LA B AE I SEELZ .

¢ PCA.result = prcomp(data,retx = TRUE,
r center = FALSE, scale. = FALSE, rank. = NULL)

10

11

12

13

1« data.scale = PCA.result$scale

15 data.center = PCA.result$center

16 PCA.data = PCA.result$x

17 PCA.rotation = PCA.result$rotation
18 PCA.var = PCA.result$sdev

E27 BF4a4HT

7 fr e EO 2K CE. MR 232, AR P IRBOE N TSR . R Afra]
FEVF 2 AR B R P Bl 0 AT AOR TR 7, R RA B AR B IN AN 7, AR H, &
GG AR R W 5% AR R

\ B FREEE RS

HARNMAELHEFEREHECE R, % X = (X1, Xe, -+, X,)T BAUNKHIME, H EX) =
wD(X) =%, & F = (Fy,Fo,- , Fp)T AARTHIMBIEENL A&, H E(F) = 0,D(F) = I,, X%
€= (e1, €2, ,6) 5 F HAMKH E(e) = 0,D(e) = diag(of,03,--- ,07), EHEIRH LT PIFRIEAR
W

L RFRE T HAMSE, H D(e) = diag(of, 03, ,07)o

9. FEBRE TR AL FAMK, B Cove, F) = Opm
7 LR AT BAAKIE T 2 3 I A T

Xy —pr=anFr+aply+- - +ambn+ea
Xo — po = ao1 I + agoFo + - - + asp Iy + €2

Xp — Hp = aplFl +(1p2F2 —+ . —|—amem +€p
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A LA DL T B R R R R TV
X =p+AF +¢ (11)

g DA B IR AZ PR AR AR 4 S B N E

1. AT 1, Fy,--- B
2. q::‘l—,%lj;k%: €1,€2," " ,€p
3. T8 a; MO | MEELES j MHET EREAT, A FRAYK T8 R .

X PR 23 A R A AL AR SR P 22 T BAAS B R 2 (FROS B 5 2 454 -

5= E[(X - (X —p)'] =D+ AAT (12)

Ujj:a?1+a?2+-“+a?m+0']2 (13)

Ojk = Q101 + Qj20k2 + - + QjmQrm  (§ # k)

Cov(X, F) = E[(X — B(X))(F — E(F))"] = A (14)
Pij = COU(Xi, FJ) = aij (15)

ST BIRFE, AL R @S AR B LR B S 07 2 STk A

L OIEREE: R EMP AR TX2RE X, FET7 25Tk, 7T T 20 a2 R ae .

j=1

2. JTZETUR: RIE j ANAHET F; MEZEME, RIAZE I FRE.

AR BN RERIDY X MAFESR Dy Xt FORAT IR A SR X IR, ik
FTPLA B AR A ANME—, R I ASE— o] DLBEAT K5 iede, 72—/ DR EA .

\ ERSEMGEITSHE

AR T Z/H N S, BARFEE M > Ao > - > Ay > 0, X REFHLAL IESZRFAE ) & 20 550
li,l2, - s lps WIS FEHG p-m ANRHEAE BN AT 0 R 3 ABh S 3 X

S ML+ Aplll + D (18)
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(19)

DL by RASETABLASH 21 0 £ 3 R A

= (V- Flm)
o? fs“fzt Lk (i=1,2,---,p)

FOCHN T B AN E m, 8 BULTE — D RE P, W R BGH 2 1 A BN m /)

iy
At Am - p (20)

/\1_|_..._|_)\m_|_...+,\p -

\ LEBAKE Fresk

H1 DR B AT I I ) PR 1 T AR RS BAT B SE BRI 0, DAL R X TRl 7 R AT IR AT . [A T
Jigte ) & BRI T DLR 8 B

WHRFHRAN X = AF + ¢, & Z =TTFCHEEmMIERZHRE), W X = ATZ +¢€, UbH
AT N Z (P BR 1 i ar

AT A I SE R 45 A B JE PR B A IS 2 HE N A IR TT 2%, tHREaTR:

V)=V = Z Z%i Q77

]=1 t=

(*@
S

(21)

=
o

T3 ZEBOR R W T3 T 0 B0 1, At BA Rtk airy, RIIRA 1A Rl e (il Lk 5
ZE AL, RISRAEGNT 2 A AR 17 il

{ B=ATl ANCH&E
(22)

max V(B)

m\ BReREE TS HIT

R B A R 73RN AR R 2 A AL A BOn B — A CRIIREATH S A SR T RO T, BOATHE
R R R, A EENRERSRR R T A 0 EEN R

TN T EA: X = AF + e, BRRNTEBRZE, BRI EEEAR, FeRAmn
B/ IR JTEE TR 7 FOROME, RIS R 22 U7 22 B (R AU DA A iR 221 5 A

P2
=D % =e'D7le=(X - AF)"D™(X — AF) (23)
i=1 1

9

A ZmMe BT F R SHE 0, ATLMRIM AT F A4k iHE:
F=(ATD'A)"1ATD !X (24)

FESEPRRN T, AL D BEARER AR E, Pl 2% FE A AL THE AR S5, TR 32 B
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T, & D ONRALRE. & A Dy o i R AT AL O i A TR, (RIS S BUREAS [R5 20 S R AR T AR
A3 W AR EN 0 R 5K

Zij

fij =

\ EF2HTHI R #4503

R Tty FEagn. KWPEEy. 8. 7Pk, RTESHEESSE, Eseiri s
NEP, R KMHIRMET factanal BECHT LIRS FE R THE2E, W0 FAHATARID R .

EFA.result = factanal(data, factors = factor .num,

6
r scores = "Bartlett” ,rotation = ”varimax”)
8
9

12 loadings = EFA.result$loadings
13 loading = loadings[,1l:factor .num]
1 rotation.matrix = EFA.result$rotmat

15 strange.Var = EFA.result$uniquenesses

£33 NS

Fasl e 2] i ES IS R VT SR E X SFARG N &R witig e o NI PR 7oV R o ¢ (S e R EN S e
THE RHESNEAR AL R e RN, Al B 5 R B 2 0 2R, Rl I [A]
XPREAS S IR FRREAT BT3RO FREAZ A 73R U R E [ — 5K B b AT FE A R A R S R AEARTS o,
FATBINMS R M7, R R-Q BT 704

\ Y S

FEPHTREAT AT, T EEXNESAE BT B BARIERE X = (@) nxp BATRERALALER, W0 FEAT

Xiv =3 p Tik
X.j =3k Ty (26)
T= Z?=1 Z?:l ri P = %

fEfn BRI AR BEERE R, $REC T EARE A AT SRR I, R RINAERE P OYPTA JCEORAON 1 1R
RILAIERE . 2 Ja [R5 e s MAT 5130 2 0 A, mT Lk — B #EAT e AR B 4G B B e A Ba AR Z 4
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XXy
\ HHETREAHREELD
53l BRAT B IR SR AN [F] B RE e, RIRT LAAS 24T HUC 38 53 A «
Tij = ;z] (28)

L b A BRAT I RER AN B2, S RTREER A8 np 4EREFE R, &R R= (Ry, -+, Ry)"s

.’Eij
X.;

Cij =

I b BRI B RER AN (52, A3 BSR40 np 4EHEFE R, RoRA: R=(Cy,---,Cp)"s

n n n n
N(R) :ZPi-Ri = (Zpil,mew“ ;Zpip)T: (Po1,Peg,-+, Pop)’ (30)
i—1 =1 =1 i=1

N(R) BN n AMTHCEIA R SR A E L o

\ BRESHXENHAE

B SR kAN T MR INBEE, A

P II;kj _ II;zj )2
D2(k.]) = 2Pk P70
(k) = 3 P
j=1
T2 R

Q=) P..D*(i,N(R))

=1

BE— P I a7 B S AT DU TR R Oy Geit AR A

~ Zz?j:?

1j=1

Q=

i

Hrp iR D7 geit e U TR AT A5 51 R 5 B R

(31)

(32)

\ RBRFREATERE

HERME R BE TS Q BT 18/ -

B Z AbRHEACBRAE R, AT LUI T SR ARAERE (75 e (E SR AR IE & . 1 Sp = Z7Z, FRAE
R A > A >0 > Ny > 0, S RRFAE BN v1,09, - soms 2 dj = /A3 W8 S = 227,
FRAEEN: A > Ao > - > XAy > 0, WRRFEREA: wi,ug, o upy 2 dj = /N, BE D, =

diag(Py.,Py., - ,P,.), D.=diag(P.1,P.9,--- ,P.p)o
R 2 BRI 48 A 45 B AT T T PRI T ¥

F = (dia1,dsa2, - ,dman)
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_ djvy
Fy; = Niox (35)
Q MR FHATFE A 0 N WFh R IR vk
G = (diby, dobs, -+, dibm) (36)
_ djug
Gij = i (37)

\ 1T BR A AR 2

BT LT EAEMERR A, TSR F 5 G WEPIs S AR 2 rE S, TR R K
THRFERIRTPIE AR B (B fAbs, $EH Q LA FAERER AT PSRN AE i (AT 50 B KR,
CLMEE NPT A AR RS R B ndp A RUAEFR.

EATERIRZ . 4 B AT i 2 (R PR B 28 S5 AT R 0 2 8] (R AR B R X 2, (R AT #E 8 5 31 %2
FER0S I ) i AT S AR P PP K LR B B R R

\ R STHY R 2R 44H-5CH

FKOAER S T SE T8, R BRI FERESRAE 100 R4 T B3R IR BR 2 corresp,  #1 N ASEHAR
g, B EE E

1 Corr.result = corresp (data,nf=2)
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AERTRREUE, #5585 DEREL 2 < f(y) WRE 2z = f(y)-

Step3: 7E4RIT A E FipEt
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MBI EP FRSBRIE y SCHCRIME, E R y SR y I EP. 35 y {E o; MR B(9)
NI A I, WK o BN y.

LA by MOEA/D Sk 1200, 5L ) 7 e SA N AR RE T, RAREIN
EP f#£ER105 Pareto A1 SIRIAEEQIT K-

BT

i R

J
AR
|
FEAR I AL
|

TR
R

[T
BES AR

B 19: MOEA/D Sk frix

BT SE R

[1] Deb K, Jain H . An Evolutionary Many-Objective Optimization Algorithm Using Reference-Point-
Based Nondominated Sorting Approach, Part I: Solving Problems With Box Constraints[J]. Evolu-
tionary Computation, IEEE Transactions on, 2014, 18(4):577-601.
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5 R JARE . TR SRR B Gt D

AN BINYSWIS  BEMRTE I

E—EE. 2018 &K it Yk
FIEH: 2019 g FEEHYE FOMg
F=EH: 2019 % FEFHNAHEY: BRE

I3 28 R ARV T L — R AR G R, TRERAEART “PILARER Y, AT RERFRRR “IE A
7, WTRECAE TR MAIR. AT AE— T AR YE 00 0 25 8 1 IR RE A B 1 K/ 43 25 ) 4y
e KBRS, NI ES RN, RIELE A RERIERE N GRS LR E
% AR IED N AR R SRS 0 ER25 RIE BARBEAN N =
N LK,

TEARFTH, FRATE 2 AR : A E SRS R R IERD G KB /52, XE AR 52
B 1) LS S 4t e A IS AR A S5 vk

FT1H RGE_—HIHER: Logistic [T

logistic [A1J 3R logistic [BIAI3HT, & —F SCRIZAE R AR, & T Huiizde, ZOm a3
ZWr, LIS T AT R b TR, ARG R AR R AR R PR REIR 22,
PEAEAS B AR M CRppRIE, ROy 0-1 228D I, 75 20k [l AR AT 50 DASRAS BEAF 4D S P Re
At Ja (RS R R O R AR, RT AN O — 93 3B 22 00 SR R T i

Logistic [V12 Mg =7 S m SR e TR, S EMh e —FF, eSS SRR (2 T
50 HAF 1000) MIREA SRR RILR L. AT, S 70 IFH5] Logistic [V,

\ Logistic [bJ3tRAHE

RBFEAREHAEN (20, tn) S FHEIRBUS IR RN 2, = ¢(2n), BUZREDAN C1, Cy K, £
I RBRTTE S SIN— D EE AR, sigmoid PREL:

_ 1
T 14e

LR B0 U P AR AR, el TR AR f] SRR I B B AS 4510

o(—z)=1-o0(x)
{ow»zdmu—dm> )

() (1)
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PRHEAE R BEM N AR &y HR 3000 A0 AL b, FIH] B3R sigmoid BRECAT BAGS Hi 18] JA 4 5 A 20 «

3)

P(zeC)=y=o(w’z)
P(ze(Cy)=1—-P(ze ()

\ SEAEI: BAPRETT

T BB R AR, B TS EOA B B TR AT A T, BT R R ORISR T 3k 4T 2
vl A0 R EEAT AR B HC S K R A i -

N N
p(th tN‘w = H H 1 - yn 1 - tn) (4)
‘ L RE (3ZXIHE):
N
Ep(w) = —log(p(tlw)) = =Y _[tnlog(o(w 2,)) + (1 — tn) log(1 — o(w" 2,))] (5)
n=1

fERAR T, £ Newton-Raphson {87, L Jb4, Mttt Figftst:
wew) = D _ 1y By (w) (6)
S B 9 Newton-Raphson 348, H Jy Ep(w) ) Hessian %Ff, 1T
wmew) = D _ I Ep (w) (7)

?‘;Ejgl‘ﬂjﬁqj, 4%%:%!\7‘7‘7%1‘&???&%, '& Yy = (yla e ayN)Tvt = (t17' T 7tN)T7Z = (Zla e 7ZN)T’
IR I g e v

{ VoEp(w) = ZT(0(Zw) —t) = ZT(y — 1) -
H=27TRZ

HIEAE AT HR, ARG s A 2

\ BiRKE: HEABREESSEREERE

B AT B R ECR E VAR S, fE Logistic [BIHH RN Wald fad, FERBON: FEABEIAREN 0,
PRV ZBH R B 0, AT N IEA I 4t it

- 8
VBL+ B2+ + BN

Horbr dim 977 A L, BUE BT A RS w 4. TR ROTRE, R8T BE TR
AR SRR R EO 0 BB

HT T AR SR i A2 B IR M I A, PR RS B AT R, T I AR T E N 0 =
nr(l—m), A 7 AET 1 EAOBR, QRN AR 2K T EidbrfEd 2, U‘JU\#JTHHH%Z?Eﬂ

X

~ x*(dim) 9)
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FWAEATB. 1E Logistic Ml IRZE TS ZH B df Z LT EEH K. T/
BN @ =1 WS A ELEEHIUR.
€1 +e+ - +en
df

IR SRR BN PO i 1, WIEP AU AEAE ™ B I B B 95, RN R 0L A IR I o5 2855 PR AR 8L
Wi [ 2 B 2R — I3 A o

b R AT M AR IR, AR IR I A i R LA R 5 R 60 AT RS B ) R AR G
HIT R 70 I s 8, PRI BUANEEAT T RUA «

‘ REDHR

7E Logistic [, M TGN BATHE, FILTEN: BB A &R E Rosquare {8, X BAMA=F
ATRULIOKB )7 hatvalue. 224U . Cook FERS, b2 A ML (I B A RATF

o =

(10)

P Bt 2(0 (11)
Var(e)
WHREARKEN Z, N Cook A MHITHE IR F=:
H=27z"2)"1z" (12)
W hy N H SRR M EIEE 1 N oER, W 1 AMFEAR Cook BRESN:
622hz
D= 3rsEpi =) (13)
FE21 RN Z 5 A.ER: Softmax {13

£ bR = o3 SRR A b T AT 24 DS R 2 0 K 07 %, X RLFE R E T K 4]
() FR) [ AL B 55 BRI 28 Softmax BRECHNTT «

exp(xy)

softmax(zy) = I (14)
> exp(z;)
j=1
PRI X B B HOASE TR Dy -
P(z; € Cy) = Softmaz(z;)k (15)
A DATE— 25 A I ALLSR PR 2
N K
P(ty, - ,tnjwr, - ,wk) = H HSoftma;E Yn)p ( m)k (16)
n=1k=1
(EEIEFEN IR SE TR 8
N K
- Z Z )i log(Softmaz(W z,)) (17)

n=1k=1
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BE—2BXE W RIS j AT DOREREE, BT N IMEARRERIE j M RBAMMERN ¢, f:

N
Va, Ep(wi, -+ swi) = Y (Ynj = tnj)2n = Z(y; — t;) (18)

n=1

A RAE 2B M ] —BirBh R BT LAAS 2

(new) — (o) _ 7, Ep(wy, - w) (19)

wn ERIGR RS K ANEIE RS, vl DA 2B T R R R, 1E X Logistic BIAM) 2 7354
I, Softmax [H1VH [FE#RE AT DUE A LS AR AL 20 ik o

FERER P b, A —MRERK R, 2552 SR A FE i £ Softmax [B @ F LS K
A Logistic [FIAX BT, a0 FH&paE—ANfa s i k.

ZE— N EAL R AR, RIAESS 2 BB B = AA RN F . R =R 50 =
Wise. PAMRIX 5. FPAEE s, =AFOIR ERFRE, HiE TiE#E softmax B3R . UK
E=A 50 REN . BABR. S5 ANWNE R, 8 =AML logistic [HIH53 258 50
Hi o

VBN Logistic [FIAMHET 30, Softmax B3 [RIAE AL S5 88 & 1016 2 N R R4 .

E3T BRENARIE SRR TR

A RIS RIE BT R, RGNS D TR g DRI 0 22 ), TIAE 2 A AR,
RARERIRREA SR AT . DL, BHEgsld it ge, AR 14ttt 3 050k, AILEs 5 > 0 AR AL
LT A ) KA )

KA ENLE Cortes A1 Vapnik F 1995 5 B SGHE H A — A dE Tt 22 2 i R RBAR. e —
LIRS R e PO L BN R S N N ] LSS e A e - 2N A

FEATGEE 2 ST G AT, R N S A B AE R . Ok SR A B LA, TR 3L
WUES TR AT ROR BP0 R o W W DR iR WA, AEAc s, TP AT EAZN
ORI, HCR SRR AR AR R

L ELME IR RN X, U ME S R AL 2 (A PR AR i, U (R REAS R A R AL 23 ]
HERPEANTT 70, 5 el % o B B ek T oy s (E] rh, B IS A ST, SER K.
T EONSCRE R RN AR R

FAESRRHE |
Ty
: L e
Ak > (At ST
ZH MR |
TIIRIREL | ISR E

B 1 SERp AU S R
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\ BREHAEE: FEFESERNBIZETINEETE

BURRHE S R A8 21, 20 BIABUN < 21,20 >, WWHEITAON of g, HEDTR ST & EO N
IBE R AT IS, AT CMEAZE AT 2 RS S A8 R AE 22 [ R 2 PR RT3, Hoh o MR B i 2
.

2
_ =y —=all

K(zy,x0) =€ 2o27 (20)

\ M5 X HAIEE:

‘ FHEH—ARF IR

WALSS IR EIREEN: T = {(z1, 1), (22, 92), -+, (en,yn)}> HH gy € {—1,1}, H-1 B
FToEMAEGH, W1 RaEM G, R A% ek B G I AR 2B (Al BORE A s mT DA i P i 4y
VolLESE

y=<uw,x>+b (21)

‘ EXHARRERETHAYES:

IAEBREA AL (4, 3) P RAEE 30 R 5592 0 3 _E 3 -1 11 A K PR BE B s

w b
i = Yil7—Ti + 22
% = B e (22)
FEFHAEAR S BT I A RR ICEE 2, WA SRR PR v ME X T

R , 2
Y= _lin v (23)

‘ B ESHHIK R

MRAERRL I E S, AT DB B KA 4R 5 I R B 1 P T 240, RS BOR M i B o
B AAL ) L

max-y (24)
w b
el el

R LI AR GFAFPIAFRIBREL v, I R ERE SCP RS, LR R R

—w p— b
wo =y b=y )
yi(< wo, x> +bg) > 1 i=1,2,--- N

VRIS, EFRBRE v SN [|wol| B/ME,  PRIE B e P AL R AT LA Bt 5K

1 2
in — 2
Ig}ngIIWII (27)
st yi(<w,x; >+b)>1 i=1,2,--- N (28)

VbR RN ANSE A A DA i R, DR AT DA P A% B H MOk e o i R e 2 R ik
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1
min max L(w, b, &) = miglmax 3 ||wl]* — Zai(yi(< w,x; > +b) — 1) (29)

w,b ‘
i=1

ER T F AL, Rk B H R B i KA S MY AT LA, RS SR PR L(w, b, @)
Xt w, b BB, BIXS RS R H R R 5 4

A LR S HEE T 0, AN R R B H pr Bodt A7 A0 T B0 AT DUAS 40 T SRS IR -

N LN N
L(w,b,a) = Zai ~3 ZZaiajyiyj < zi,xj > (31)
i=1 i=1 j=1

I FHAZ R B0 3 1 AR AR B S s R, RIS e 29 R 261, DR e A il gk — 2D 4 2
HARAL i) s

N

1 N N
min 5 Z Z oo yiy K (i, 7)) — Z Qi

i=1 j=1 i=1
N
sty oyi=0 a;>0,i=1,2,--- N

i=1

PRNFEAR U, BRI Bk B HBoRE,  BIASRE BRI B RIAE o = (af, 03, afy)s
ARIEIEIE (30) BIFISRAFAS 2170 K-V I R EL w* 5 b*e

‘ S FORE T BINHRE -

BT BB K HE, 10 sign(t) AR SR8 £ ¢>0 1, £t <0 M1, ££t=0
WPHC 0o P EAE 3 E SCANTT B 73 S8R 55 BR 4

f(z) = sign(zTw* + b*) (33)

fix e 8 SRS U o SRR BUE, R EUE 1 BRI DY R AN S, s A BE
RT3 55— A, B A5 B SR DA PPASAE 55 58 fr- BEAE AR » 58 SRR R B UL AR 22

BUEN/RE 2B AL

Guita 2 AT AR R G KB 7 S, A D s AN 2 TR, AT DUE MG L%
SRR OB S SR 5 A B E
CART R R ] = XA S5 ARYEREALE AN T2 PR AE RO 58 BOPE AR — 70 R itk e 20 2K 3%
AT AR REA SE R 1 ) — 0 K
FIAREAEAT BN R FZOL Oy AN . WG SRR 4540 50 KIRME . BTRB IEd W&
HarREs R

PRI N R TR, BIASOB AR sk 1) b sk SRR (0 st . BEHLAR MR
YR e NEA TR 70 2R R, A SORHAR IR BEHLAR MR R (R S, 2548 CART SRS I iE
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RERE,  HET o PSR ) B SRR T B AR AR

\ CART REH RE ST

A i) R SRR R NN R n P EEREARE, FA X; 7 m DNMEEENRE, 28 5
ANEEZR TR 73 1) A X1, Xjo, , Xjmo

CART HRERBARZ OB IRA

(1) JE I HE Jé A2l BER s RHAE AR 25 5 23 2R 1 BRI

(2) 383 32 ik BB A PR AR I A A T SRR

(3) XS MRS AL F S 7 2t 0 2R 45 R

‘ BE S 5 P X RENHE

XA | MRS 5 AEIHER RS 2 E:

IBBLAESS i AMFAEROREA I T b A KA TR A S SR — 5 2
G BUCHSIAE & NGO R RIS LURE, MR B S I 2 4 U

B ¢ MBS %K, RS D RIASHBIAMER Dy, Day AP BIER MG F A5
B IR

o~ |Ci]
Gini(D;) =1 ( |D’“| 2 i=1,2 (34)
k=1 "¢

He |Cr| Fon D; XI5 B ARSI .
B DA DI EAEAREE D (R3S ¢ R )3 e AN Al
Gini(D,t) = |DD1||Gz'm'(D1) + ||DD2||Gim'(D2) (35)

XTLETHFEAS RN kb DNEEJEAGE, HARBR/NASEREE AR, KI5 7Ry, R A 2% Je A2l S A Ak
IR 3 T3 0 LA A R 53 R A

N ¢ MESBFIEKRR S L HE:

fE CART R, S ISR AR S ) S AR B Vo B B, AR @I m AMFAE, Rk sy
AEETCN m BIX A WIRIRIEA F, fEFEARH B 5 KA max F = I, B/MEN max F = Fy,
HAEE ¢ ANX AN F0 R BoR:

1—1

[Fo+ (FL —F—2) -

Pt (B —F—Q)%] (36)

WWENS b ADXERAREARLE T2 b ADNEFOKT, R E S RARHE O T 7 2 70 REURFE,
SRADK L1 AR BT R ATSRAG 2% R AL K 70 R BRI AL

‘ FHIEML S M AT

B i MFAEMFE R AL Gind™ (D), W LA —MRHETH S R A SRS, AT HERR, Johdk
JEANALE /N RRHE S B EARFAE i JE AN PR R AE AR

‘ BORIE B R U AEADIE IR SR AR

H g R MG S R IR A FERE DT AL, R SRR T A, BRI SRS A
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A B ERE AR A, RS TR NRHE R SE EANAE, E R R, RAZARE K 2y
FFABCE TR AL R EERRIERT ST =03 MR Rip U — MR NIR G e B, 5 Al

T IS T

Step2: BYAHHE R FH:

X R RN RIEAR AT SIE, ¥ Dy PP PSE TR TR, Dy PRAR IR
TRACHE TR, 73RS TR EAT Stepl Fit 1B R Y 5.

s AP SERE A PR SER 73 2R 25 A R EE . M TSE 7 i 20% MRAERIH iR P iRy i
IR B IEAT 5028, 4 2R E5 IR Rl .
WIF B B — 0 CART PR A B I 2510 £ B, A IS HZRE s —/> CART WM 58
ZNE

B 2: PRI SR i ]

\ BT REREIER R

BENLARAR 2 L 1 25dE, 83 51\ Bootstrap IESHUMA T AV MEARE T Z 0 KR, &
Y1 Breiman 2.

BENLARMR R F 2 AR W@ FELE B R FEREARSE R BEHLAEE, A K & R 1 2
ANFEPRIREE R NG LG PR G AT IR B 28005 LU e Rl 43 ot B 43 S8 45 SR B3

WM RAURFEA B T B WAL X MIGEREIRRIEATFEAR Z R EZ0 R, T
BRI BEALAR AR AL AR «
Stepl: FMIRESIEGEMFEHXISH 8:2
Step2: T Bootstrap EAXIIGEMERFITEMME

WILH n MEARTR LT =23, 38 Bootstrap JFBL T EA BT IZREE X L n KK
ANFREARE XD, AWEE LIREFE n KBS n MERE XO,
Step3: FHXEB—MEREE CART RER TR,(X)

B, X —A Bootstrap FEASE X0, ¥yt CART YR AL, i FREAS B HE FEAT v S W A5 Y
gk, MIWINGLERGE n MEER (WTRRAEREE) KIKER. N5, GHEEFAE, WEHEHEAER
FEARLEIIRIRE G A {index,}. BJG, FILAZG RIS REAR o, B85 RNy:

TRt(x’L) = P1,92, 5 Py

37
ws €{0,1},s € {1,2,--- ;ny},i € {index;} (37)

Step4: WRFIRELERIUTE T EME
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feiiied 9 v ||
Bootstrapik WAL

@;@ Sy2HIE
EhH MR

CARTHSFER THRERAR
E ey E
\_/

T
T

K 3: BEHLAR PRI K

HRAIF LG n MREM P RERES, BRI MR 2 Pra R REWTF:

{p1,02, -+ ,on, }

vs €{0,1},s€{1,2,--- ,n;},i € {1,2,--- ,n}

(38)

TR s = 1 BIRECN numiy, s =0 BIRECN numgo, ATUARIE I SRR 2, 50 AXERZR

IR

P(mizl):% i=1,2,--,n

n;

THEHNS SRR BRHTRR

(39)

REDWR MBI KT, WTRZOE, WiEdes, WEIRSE, gttty AEnsg
Trode AEARFIRI NI, RZ RRBARES R 7R, XEHRTT R AR AR, frE AR
PRIFARBIYE,  DAAAE R 7 S BIANF (%

AN H )RR S SRR FR R A SRR A, R RO S BT T IR R SRR TT
%, DA PR RS Fisher HiE.

\ TEMA—: ERANERITESA

FESERRN TR, Bl fE 2 AN AHSCTERIRE MUK, R R AE 17 2 8] b o SRR R 0 T i
AR R R R R, XEGIABIAEE . 2 RIEE . 5 B =M & Bk A PR 2 557

1.Minkowski FF .

3. FEAIA] 0 5 IR B -

dij(M) = (X — X(5)"S7' (X — X)) (5,5 =1,2,---

“ 1 ..

dij(q) = Dl —xells (1,5 =1,2,--,n)
t=1

du(L)—li'x” il =19, m)
m — l'lt-i-xjt
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ot S PR X, X BOPIIT 2RI
1E B iR ER B rpm] DL S 2 DL R

L BB q=1 B OZEXHMERE A, q=2 RONBRIREEES, o BT Ies AT S R e .
2. ZREEE S 1 B B S SRR A QB R, L PR B RO e e £ PO 08
3. By RRERES AT LAE— 20 HE R A R 8] (R AH A (R 5 o

\ ERIAT: FEREBFERNITASA

% %’éﬁ/iﬂlj IR BE B T S B R i 1 ) R A5 R, TRl BHLUE R S ) B (3 T i
TorEE. & JWLE’J*’JL??/%?@. HOE, FEPER. BRI .

‘ BELETEXERS

B ELDWLIK)E SOO7 3 CRIA KPS SRS E0 [ P R 8 B A D SRR A R BE i 1?1152% B Gy, Gy
BREIN Gy ZABBOATMRERBS A np,ng,nps FFEPOGH: XP,X@ X0,
FER/ I RE/ASA W

X0 = o (n X® 4 n,X@) (43)
BRI —ANRE Gy O XPB, MEEHZ G, WZEIAHE BT DR U 3R oE 57

D7 = (XM - XT(X® —XO)  (k #p,q) (44)

n n, nyN,
D? = np D + QDQ ZQqu)q (k #p,q) (45)

‘ RKEVPEHEREES

1T BB IR TE AT B — MR AR OS2, DRI FE A PR ot 79 94 ) 4017 B S 1) P P (LA D
IR, RS R 2P 7

1

D27

Pq dzzj (46)

Tpq i€Gp,j€G,
W2, WHE G, G, BIFRN G, KA FigE:

D7 = %ng + %ng (k #p,q) (47)
HASVEHR R, Pk R 2 SRR A — R Rl S T k.

‘ BELSMITE X EES

BCHLFEA Wald $tH HO B 2T RO IR
[T k A KIOREG, A BHERHEN G, Ca,- - Grr JF ny, XO FOREK G, MBESHSE
o HEERAIAH | R X0 A DL TR SURR G, BT

Nt
W= 3 (X( - X)X - X©) (48)
i=1
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3K HLAT BARE 3B 5 ke AN B2 T T A
k
W= (49)
t=1

Ward JEERMNE G, G, GIFA G, JE B 221 )7 AN EAR SRR )~ U5 B -
D121q =Wr = (W + W) (50)

AR IR 2= PR RE 3G, T B B SRR

ng _ Mg (X®) — XHT(x@) _ x(@) (51)

Ny
HILTE Gy, Gy &8 G J5, G, 5HANZE G), KRR AT LAZ - A b 5

ng +n ng+n ng
D?, = L2 1p2, — D 52
rk Ny + ng pk + Ny + Nge qk Ny + N Pq ( )

\ LYy £y Y

Stepl: BEKEMHHE

L. FESEBR R AR SRR B 1 SO BB REE,  BURYE O 1 /50 AR i e s 2 1) B AR R

2. TEXT N S5 AR AN, AT CATRSGR B s E d /E NSRRI RME, T OB SRR s T
ARG IR

Step2: Kf#HE iR BB [E

SR ZATATALER A 0 AR, A0 R SES § 55§ AR S R0 PR B8 AT DAAS SRR S 8] A BE B R DO
Horbr d ATRAE S BRI R, E B R

DO, j) = d( Xy, X(j)) (53)

Step3: EHEH

WIIEIRAE T, KN k=n, KEESEOVAE MRS, B 1 REKLE, TR ERS 3
I BE R RE DO-Y, A IR R B /NP — A FTII RS, BRI T DS ) k=n-i+1 2. i
Rk AKT L € MR IEE BN IR SN T4 e RME d, WA BLACK SRR FE 56 ik

Step4: EH5ERK

A HIE REEBE, HFETHSNRARER, HREEO. BEEEFESE, RBERTE.

m\ EF MK REE

EARFEREEN G, WRTRGERRSEZRENEGHRE R, B s N2 2E R X K%
KA BT, MR Fisher H%.

‘ EXBEER

BRBCH PR X (1),X 2y, Xy, PN m 4EAE. BOE—3 G BEFEM {X ), Xrn, X5}
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L GO {141, - ,j}, ATBMKIN R #0E SO ERME B SR AR

_ 1 J
Xg = X 54
6= ; ) (54)
j — —
D(i,j) = > (X — Xa)" (X) — Xa) (55)
t=1

id b(n, k) 0¥ 0 DMAFEERI N k REE—FIME, Fr-N: Gy = {in,in+ 1, g}, 0
A AR TR ELAR A AR BRI R -

k

Lib(n, k)] = ZD(%, it+1— 1) (56)

t=1

‘ BHET E R LR

Fisher 554 _ERSBHEREL, i QORI REEARME 20T BLeh an R 3 2 5 3t A4 538

LIP(n k)| = min {D(1,j = 1)+ D(j.n) & <j<n) (57)
LIP(n ) = min {L[P( ~ 1.k =]+ D(jin) k<j<n} (58)

FRUEBEFAE N DG) 5 LPGH)], HF Pok) A5k R E0E B BN K05, A
1 <i<n,i<j<n, fEWFEIREA AT AU R E KK

L. i1 L[P(nk)] B/ § WESE k 2K Gy = {jk,jr + 1, ,n}, Hb g = j.

2. i L[P(j,k-1)] BUR/E jr—1, BAESS k-1 DK Got = {Jo—1,Jk—1 + 1, . jk — 1}o

3.8 2 SLRE R G2 WIEN Go = {ja, o+ 1, -+ ,j5 — 1}s

4. AW Gy ={1,2,-- o — 1}

DL ESBSIRAT A B R A IR BLEER: P(n, k) = {G1,G2, -+ ,Gi}e

£6H SE R

(1] 5KIF. REHETT SN MR RGBT TE [D]. 1l AR K,2020.
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BFEB PO EE

AN RBEHR S —

mE
W B ELRE, SNE. REMES, AT EA R A S B KSR B SR 3 2 A A
HERRIENE . GUBTRE )R AIREET T EEBTR AN RIER TS, BT KB AR DA R T — Se B A

Ho

1 BIEMR—MRER

Bep B MR, CIEMERIEQNEMR RN BB Prig IR IR EERET L AP, —3K
AR AIVERCR . BRI TS I RIE T, X AE A — ] — &7 T LLSEELEY, AR E K [
MR, EEJUCNKIZ . filtn, BT OO AU S DU SRR A s A
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Race against time ---Emergency

evacuation plan for the Louvre
ANTGE BRE BM

1 Summary

Emergenccy will result in a large scope of damage. If there is no effectice evacuation strategy, it is
very likely to cause unnecessary or evensecondary damage during the evacuation process. To this end,
it is necessary to generate evacuation plans, assign reasonable routes to people in dangerous locations
as soon as possible, make maximum use of the capacity of the passage and reduce congestion so that
visitors can reach safe places as soon as possible.

Our aim is to develop anemergency evacuation planfor the Lourve, for which we develop two
models at the macro and micro levels. Then we develop an adaptive model related to potential threats.
We obtain total evacuation time in different situations and optimal route by solving our model.

In Macro emergency evacuation model, we simplified the Louvre into a graph. To obtain optimal
route, we usetime expanded graphto transform the problem into minimum cost flow theory. To solve
the problem, we use algorithm based on Capacity Constrained Route Planning(CCRP).Then we
draw a conclusion that the time taken by the latest person arriving at the exit is 330s. The results of
the optimal route are shown in Table 1. We also explore the utilization of app”Affluen-ces”to help us
improve our plan.

In Crowd evacuation behavior model, we analyze people’s pre-movement time and people’s move-
ment velocity, which will influence the whole evacuation process. What’s more, we did some simulation
of several evacuation scenarios in the Louvre.

In potential threats of circumstances model, we explore the reason that bottlenecks occur. We find
that although people arrive at exit quickly, they have to wait for a long time to go out. It takes about
1860s. To improve the model,we introduce the node capacity and utilize additional exits. It takes about
450s to leave the Louvre by utilizing 2 exits at 150s and 4 exits at 180s. We also build an emergency
personnel entering model to explore when they can enter the Louvre to prevent potential threats.

Besides, we do some sensitivity analysis about the speed of movement and potential threats. We
also propose some policies and suggestions for the Louvre. Finally, we briefly state the application of our
models in other large, crowded structures.

Keywords: Evacuation CCRP optimized route potential threats bottlenecks
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2 Introduction
2.1 Problem Background

In recent years, an increasing number of terror attacks in Paris have triggered new thinking on urban
security and contingency measures, especially how to safely and effectively evacuate people in public
places. As one of the most visited landmarks in France, the Louvre is marked by rich and marvelous
exhibitions which appeal to tens of thousands of people from across the globe.

In an effort to decrease the damages that result from emergencies, it is of utmost importance for
the museum to design emergency evacuation plans. To come up with a comprehensive and optimal plan,

there are lots of factors related to the actual situation of the Louvre to be considered.

2.2 Interpretation of the Problem

1)We should develop an emergency evacuation model that allows individuals egress to and through
an optimal exit in order to empty the building as quickly as possible, while also allowing emergency
personnel to enter the building as quickly as possible.

2)We should take the fact that the number of guests in the museum varies throughout the day and
the diversity of visitors into consideration. Further more, we should figure out how technology such as
Affluences could be used to facilitate our evacuation plan.

3)Considering the public awareness of total exit points(service doors, emplo-yee entrance, VIP en-
trances, and old secret entrances built by the monarchy, etc. ) serves as a double-edged sword, we
should analyze carefully when and how any additional exits might be utilized.

4)We should build an adaptable model that can address a broad set of considerations and various
types of potential threats. Validate the model and discuss how the Louvre would implement it.

5)Propose policy and procedural recommendations including applicable cro-wd management and
control procedures that are necessary for the safety of the visitors for emergency management of the

Louvre.

2.3 Overview of our work

‘ Design evacuation plans ‘

——

‘ Macro emergency ‘ Crowd evacuation behavior

evacuation plan model model
W — ——
Pre- t
Construct a network 1= ""‘::’r:zmer‘ FETETETE T
and solve the model _ _
Construct and solve the
model
Use technology to help
. e —

™ Emergency personnel
N Prevent bottlenecks gency p
. entar

= e

Time to leave the Louvre

Figue 1: Overview of our work

First, we develop a Macro emergency evacuation model to explore the optimized evacuation routes.

We also consider how technology helps to facilitate our plan.
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Second, we analyze people’s behavior during specific evacuation process, including pre-movement
time and movement time. In this way, we can optimize our first model by considering something detailed.
We also do some simulations of evacuation scenarios in the museum.

Then, we solve other problems raised by the topic.

e« How to prevent bottlenecks? To solve the problem, we should decide when and how to utilize

additional exits.
e When should emergency personnel enter the museum.

Last, we make a sensitivity analysis about the speed of movement and potential threats.

3 Preliminaries

3.1 Constructing the Louvre evacuation network
According to the Louvre Museum Plane Map, the Louvre has five floors, and there are three exhi-
bition halls on each of the upper four floors: RICHELIEU, DENON and SULLY. We assign a specific

number to each exhibition hall and get a simplified floor plan of Louvre as shown in Figure 2.
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Figue 2: The floor plan of Louvre

We begin to build the Louvre evacuation network by making some reasonable assumptions:

e Under normal circumstances, tourists gather in exhibition halls. For simplicity and without loss of
closeness to reality, we do not consider the tourists scattered on the stairs and corridors before an

emergency.

e The evacuation channel between the exhibition halls has a limited capacity and can only allow a

certain number of people to pass at a time.

Define V(G) = wv1,va,---vigas the set of all exhibition halls and exits, where vy ---vs denotes
the four main entrances/exits—the pyramid entrance, the Carrou-sel du Louvre entrance, the Passage
Richelieu entrance and the Portes Des Lions entrance respectively, vs - - - vigdenotes the three exhibition
halls situated on the upper four floors of Louvre: RICHELIEU, DENON and SULLY. DefineE(G)as
the set of edges of the network. Each edge denotes all available evacuation routes between two nodes.
(vi,v;) € E(G)if one of the following holds:

e i and j are neighboring exhibition halls on the same floor.
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e 4 and j are the same exhibition hall on the directly-related floors.
e 4 is an exhibition hall and j is a directly-connected exit.
e ¢ and j are neighboring exits.

G = V(G),E(G) is defined as the graph of Louvre evacuation network. Additionally, edge ij is
marked by two attributes: travel time and edge capacity, which will be involved in our following models.
We then visualize this network in Figure 3.
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Figue 3: Louvre evacuation network

4 The Model

4.1 Macro emergency evacuation model
We introduce a Linear programming based method to model the emergency evacuation on the basis
of the above Louvre evacuation network. Firstly, We summarize some basic rules:

e The emergency departments in authority broadcast emergency announcements which are always
clearly heard by individuals. And people evacuate to safe places in the guidance of emergency

personnels.

o The Louvre received 10.2 million visitors in 2018[1]. In this model, we assume that the number of
visitors is uniform. (we will discuss the variety of number of guests in the following section.)

e We assign numbers of visitors to each exhibition hall based on their popularities among people.
For example, the treasure "Mona Lisa Smile” on the first floor of DENON WING will attract more
visitors than others.

e The distance between different exhibition halls is defined as the straight-line distance. Note that
the distance between the same exhibition halls on directed-related floors is the path length of the
stairs.

¢ Due to the lower security level at the additional exits compared to four main entrances, we prioritize
the four main entrances in our original model.

Mathematical notations
In order to clearly illustrate our model, we now settle down some mathematical notations:

e n;: the initial occupancy of visitors in node i,7 = 5...16,which denotes an exhibition hall
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o D;; : the length of path between node ¢ and node j

v1, Vvisitor’s moving speed on the ground
¢ V=
v9, Visitor’s moving speed on the stairs

e 1;;: average time period required for a visitor to move from node ¢ to node j.t;; = =+

o Uj;: the maximum capacity of edge ij

fij: the number of visitors evacuating through edge ij from node ¢ to node j

The model construction
To solve the original problem, we introduce a Linear programming based method. More specifically,
we transform the network into its time-expanded graph and solve the minimum cost flow problem on the
graph.

e« Time expanded graph

The time expanded graph needs to be expanded by a multiple of the time. We have to copy the nodes
of the original image according to how many units of time that are required for the evacuation process.

A time expanded graph based on the original network is shown in Figure 4.

00 °5°7///“

T=1

—
I}
w

Figue 4: Louvre evacuation network

As is shown in the graph, nodes 5-16 are source nodes, from which visitors evacuate.Nodes 1-4 are
destination nodes, which represent the safe exits. S denotes the virtual Super source node. The population
to be evacuated in S is the sum of the population to be evacuated in all source nodes. Similarly, D denotes
the virtual Super destination node, it can accommodate all the population to be evacuated. Note that

we have omitted the specific edges between the nodes for simplicity.

¢ Minimum cost flow theory

We introduce a novel method to model the evacuation process, which is conceptually similar to

Minimum cost flow theory.

The objectve for the model is:
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— the minimum time taken for all visitors to move from exhibition halls to exits.
The constraints for the model are:
— All the visitors must be evacuated to safe places. Thus total number of visitors evacuating to

safe places(exits) must be equal to the total initial occupancies of all exhibition halls.

— During the evacuation process, the total number of people who flow out of the exhibition
hall and that of people flowing into the exhibition hall are dynamically balanced, that is, the
number of people who flow out minus that of people flowing into the exhibition hall is equal

to total initial occupancies.

— The number of visitors evacuating through edge ij from node i to node j at a time must be

no greater than the max capacity of edge ij.

These objectives and constraints are realized by:

min Z tijfij (].)

(i,5)€G

16
2o 2 fiw=m
JEV(G) 5

k=1 1=

S.T. 16 16 2
SO fy— X f)=>m 2)
i=5 jEV(Q) JEV(G) i=5
0 S 17 S Ul]

To solve the model

The method based on linear programming has certain drawbacks. For example, the increasing num-
ber of nodes and time steps in time expanded graph will introduce expensive computatinal costs. As a
result, we introduce an algorithm based on Capacity Constrained Route Planning(CCRP)[2].

Step 1 Input a graph G with a set of nodes N and a set of edges E. Define S as the set of source nodes,
D as the set of destination nodes, S, D C N. Each node n has a property: Initial node occupancy.
Fach edge e has two properties: Maximun edge capacity and Travel time.

Step 2 For a source node s € S, if it still has evacuees, use Dijkstra Algorithm to find the route
R < mng,ny---ng > with time schedule < tg,t; - - -t > from source node s to all destinations, and
then determine the Earliest Arrival Path.

Step 3 Determine the flow on the Earliest Arrival Path. It follows: flow = Min{number of evacuees
still at source node s, available capacity of edge i} , where edge 7 lies on the Earliest Arrival Path.

Step 4 "Reserve” edges on the Earliest Arrival Path. Subtract the value of flow from the available
capacity of each edge on the Earliest Arrival Path, and return to Step 2.

The basic results of evacuation routes are as Table 1.

Notes:the percentages in the table present the allocating proportion of evacuees on the correspond-
ing route.

According to the analysis of Table 1, we can conclude:

Law one Two exhibition halls of SULLY and RICHELIEU on the 2nd floor need the longest evacuation
time: 330 seconds, which is also the time required to evacuate all visitors in Louvre.

Law two More effective evacuation path is the path between the same exhibition halls on different
floors, while the path between different wings on the same floor is almost not used. This is partly
because of the long length of path between wings on the same floor. Further more, movement
between different exhibition halls not significantly reduce evacuation time because the exits are
on the lower floors.

Law three It can be seen that the No.2 exit (i.e. the Carrousel du Louvre entrance) is hardly used alone
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because it is rather far. When the available capacity of the path to the No.l exit is insufficient,
the No.2 exit will be selected.

Law four No.l exit (The pyramid entrance) is the most used exit for evacuation because it is located
in the center of the Louvre and is near to all wings.

Table 1: Evacuation routes

Source node  Arrival time(s) Routes
) 100 5— 1
6 144 6— 5— 1(36%)
6 144 6— 14 — 4(64%)
7 240 7T— 6— 14— 4(22%)
7 240 7— 6— 5— 1(33%)
7 240 7T— 6— 5— 2(45%)
8 60 8—1
9 160 9— 8— 1(75%)
9 160 9— 8—2(25%)
10 240 10— 9— 8— 1(78%)
10 240 10— 9— 8— 2(22%)
11 330 11— 10 — 9— 8— 1(80%)
11 330 11— 10— 9—8 —2(20%)
12 50 12— 1
13 96 13— 3
14 64 14 =+ 4
15 330 15— 16 — 13 —12— 1(66%)
15 330 15—16 —13—3(34%)
16 180 16— 13512 —1(66%)
16 180 16— 13—3(34%)

. Using technology to facilitate evacuation plan

The number of guests in the museum varies from day to day. Evacuation plan should consider the
adjustments resulting from changes in the number of guests. We can use Affluences to help us estimate
the number of guests in Louvre.

In macro emergency evacuation plan, we use the average number of guests in a certain period of time
as the real-time visitors in the museum. In fact, the number of guests varies from weekday to weekend.

In weekday, the number of guests is less than the average. From Affluences, we know the average
time required for queuing is 5 minutes and the longest is no more than 10 minutes. While in weekend,
the number of guests is more than the average. And the average time required for queuing is 15 minutes
and the longest is 20 to 30 minutes.

In the former case, we do not need to adjust the evacuation plan, and the final evacuation time will
be less than the previous result. While in the latter one, adjustments should be made.

Queuing results from waiting for security check. We assume that the rate of guests passing the
security check is 1 person per second. The peak period of the queuing time is 15 to 25 minutes more
than the average, so the number of guests is 900 to 1,500 more than the average. Use Macro emergency
evacuation model to calculate an increasing number of guests. Due to space limitations, the result is
omitted. After calculating, it takes 350s-370s to get all the guests who arrive at the exit in the peak
period. There is an increase in evacuation time compared to the initial plan.

Figure 5 shows relationship between museum guests and evacuation time, which can help facilitate

evacuation plan.
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Figue b5: the relation between population and evacuation time

In reality, people’ s evacuation during emergency is a complex task. The implementation of evacu-
ation plans is influenced by many factors. In the following sections, we will discuss how the behavior of
evacuated people and the potential threats in the emergency environment affect the evacuation process.

4.2 Crowd evacuation behavior model

Our first model does not consider the complex terrain of the Louvre, so we develop the second model
to analyze specific passing time during evacuation process. We first divide the evacuation process into
two period: Pre-movement and Movement. The former describe people’ s recognition and response to

the emergency alert, while the latter involves the evacuating behavior after recognition.

Pre-movement
The response time to an emergency will largely determine the damage caused by the disasters. It is
necessary to analyze pre-movement behavior in making evacuation plans.In this period, we focus on two

factors: evacuation information and human relations.
o Evacuation information

Evacuation information refers to signals of emergency events, emergency conditions, evacuation
routes etc., which are usually released by announcements from those in authority and disseminate among
evacuees. The more evacuees be infomed of the evacuation information in the pre-movement period, the
more people safely evacuaed. To begin with, our added assumptions for the diversity of visitors of Louvre
are listed below:

e Considering the international practices and cultural background, evacuation notices are only an-
nounced in English and French. Visitors from other countries may have difficulty in understanding
the information rapidly.

e Because a large proportion of visitors come from France, The United Kingdom,The United States,

Germany, Italy, Brazil and China, we neglect visitors from other countries to simplify our model.

As a result of the diversity of visitors—speaking a variety of languages, evacuation guidance infor-
mation issued by relevant security departments cannot be quickly and effectively transmitted. We have
the following proportion of tourists from different countries|3]:

According to Figure 6, although the visitors from France, the United Kingdom and the United

States accounted for nearly 70%, a significant number of tourists come from countries that are not native
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Figue 6: The proportion of tourists from different countries

Table 3: Groups classification

proportion numbers of people in a group(num)

Biggroup(>=T1) 13.8% num(8, 42)
Small group(2-6) 70% num(4, 2?)
Single 16.2% num = 1

speakers of French or English. We analyze the effect of the diversity of tourists on the propogation of
evacuation information from the following two aspects:

Understanding difficulty Due to the language diversity, different visitors have different levels of under-
standing on evacuation information. Some visitors may have difficulty in understanding the information

quickly. From the individual level, we define U as the Understanding difficulty coefficient:

U— { 0, visitors from France,The United States or The United Kingdom (3)

1, visitors from non-Franch or non-English speaking countries

Communication among evacuees Visitors from the same country will continue to improve their
evacuation information through communication during the evacuation process. People communicate and
share information among themselves and adjust their actions and behaviors accordingly[4] . We calculate

Communication coefficient C as: )

C=- (4)
where p is the normalized proportion of visitors from different countries. k is a parameter reflecting
the influence of communication. We set £k = 5 in the follwing simulation in this part. The informtion
tend to propogate at a fast speed. So the exponential term in this expression can depict the effect of

communication.
We use weighted sum to incorporate the two factors, the Evavuation information indicator is defined

by:

E=t,U 4+ t;,C (5)

where t1 + to = 1.
« Human relations

When considering groups traveling together in Louvre, the factor of human relations influences
evacuees’ mental states in evacuation process. Furthermore, previous work shows that the pre-movement
time could be significantly influenced by the phenomena of attachment to people (waiting to be reunited
with family members and friends)[?].

For a visitor, the more people in his group, the more effects of attachment on his premovement time.

The groups traveling together in Louvre are roughly classified as follows:
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For a visitor, the Human relations factor affecting his pre-movement time in terms of attachment to
people is defined as:
a X num
H— """ (6)
a X num-+1

where num presents the numbers of people in his group, a is a parameter.
. To solve the model

In this part, we present our simulation results of visitors’ pre-movement time coefffi- cien which
indicates the pre-movement time span by incorporating the two indicators of Evacuation information
and Human relations. We have the coefficient of pre-movement time: ¢, = ¢1F + coH, and set a =
3,t1 = 0.3,t2 = 0.7,¢1 = 0.7,¢c5 = 0.3. With 500 people involved in the simulation, Figure 7 shows the

distribution of pre-movement time among visitors.

Distribution of pre-movement time

0.18

Percent(%)

0
-0.2 0 02 04 06 08 1
tk

Figue 7: the distribution of pre-movement time

The pre-movement time of tourists from Franch and English speaking countries gather around 0.1,
while that of tourists from other countries gather around 0.8. Both of two parts showed a normal dis-
tribution trend. It is because the tourists from Franch and English speaking countries have better and
more timely understanding of the evacution information due to the language convenience and communi-
cation among evacuees. The normal distribution trend of two parts is attributed to the factor of Human
relations.

Increased pre-movement time will lengthen evacuation time, so the time that the latest person arrives
at the exit will be extended. Museum should try to reduce premovement time.

Movement

In this section, we introduce a velocity analysis model to ananlyze the movement of evacuees in the
Louvre. Taking the instantaneous velocity, ecucuees density and collision in the process into consideration,
we mainly focus on the movement direction of evacuees under the guidance of museum staffs. We first

set some mathematical notations:
o r:Through physical abstraction, we see the individual as a sphere of radius r.
e At:a tiny time interval.

o p¥)(z,y): the crowd density distribution function at time kAt.

(k)

. rl(-kg = (mz(»k), ygk)):the displacement vector of ecacuee 7 at time kAt,where x; ,yl(k)indicate position

coordinates.
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NG

o 7, ':the displacement vector of museum staffs at time kA¢, who serve as evacuation guides.

o

. vik :the velocity vector of evacuee i at time kAt.
« The crowd density distribution function

Population density distribution can be considered as continuous change. Based on Spatial Continuous
Surface Model[?], we get the density distribution function of Louvre. The basic rules is summarized as
follows:

e Divide the area into grids;

e Convert the population of the area into population density;

e Place a central point in each area and assign the population density to the center point;

¢ Use an interpolation method to interpolate the population density at the point into the grid surface.
« Determine the velocity at time kAt¢

The velocity of evacuee i at kAt is composed of three velocity components. We give the expression
and then analyze the components respectively.

o =, 4 d® 400 (M)

defi ci

Sollower, '
i o
v,d,

. - @
leader Border™

! '.o‘o
-

X

Figue 8: Spatial positional relations of vectors Figue 9: positions

n 7

e Following velocity: 172 = vfdfi ,where vyis a constant, and Fiis the unit vector in the direction
of following velocity. During the evacuation process, the evacuated crowd will move under the
guidance of museum officials and have a following velocity component. As Figure 8 shows,

ﬁ: 7@—#.’“3 (8)
T

e Corrected velocity:@ = Uch"?;

ct

Due to the large number of evacuees, it is obviously impossible to move straight toward the guidance.
It can be reasonably assumed that the evacuated people will adjust the moving direction according to
the surrounding environment while generally maintaining the following trend. They tend to move toward
the smaller density area and to avoid walls and obstacles.
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"

d,;’of evacuee i located in r Tg = (z (k),y( ))at time kAt

Considering the evacuee tend to move in the direction with the fastest decline in density, based on the

Next, we discuss the corrected direction

knowledge of calculus, it is just the negative gradient direction of p(¥)(z, y)in(x; ®), yz(k)) Vp( ; Z/z(k))
(7%’ T o™ <k>) Thus we have
k k
0 _ =o'
ct A &
Gl

In fact, as shown in Figure 9, in spite of the smaller density behind the crowd, it is obviously

9)

impossible for the evacuees to run backwards. Therefore, it is necessary to further optimize the corrected
direction dgf .
_>
As is shown in Figure 8, make a line Bordergk) perpendicular to d¢;through (xz(-k), y(k)).We define the

) and the positive direction of x-axis as «,and that between dgf and the positive

angel between Border;
direction of x-axis as 6.The direction with the fastest decline in density can be solved in a constrained
optimization problem:

the objecive:the direction with the fastest-decreasing density, which correspond to the corrected
velocity.

the constraint:the corrected direction must be roughly consistent with the direction of guidance.

Realized by:

minf () (10)

0) = 2¢ cos0+ sin 6
ST{ﬂ) 52 cos 8+ 2 "

0 € [o, a0+ 7]

e Random velocity: A vmd—g . The actual evacuation direction is also affected by many
factors such as the psychological state of ecacuees and the surrounding environment. For other

complicated factors, we use random velocity to indicate. Herev,;denote random velocity magni-

tude, v,; N(0,0.1). The angle betweend( and the positive direction of x-axis is defined asf’,
andd’ ~ U(0, 27].

« Movement process

At each time interval of At,we can get a corresponding crowd density distribution functionp®) (z, y)and

the velocity 1)—3 However, in reality there are some special situations that cannot be ignored. We need

to do some necessary illustration.

e Situation 1: Lean against the wall: As is shown in Figure 10. When a person touches a wall

(k)

(or obstacle) during evacuation, we decompose the velocity v;"’ into a direction perpendicular to

the wall v7and parallel to the wall v,/ /7-When the component in the direction perpendicular to the

o

wall is not 0, he will change the original velocity into v;"™" = v,).

e Situation 2 : Collision between evacuees: When two people collide with each other, similarly,
we decompose the velocity into two directions: parallel to the centroid connectiomT//) , W and

perpendicular to the centroid connection m , @ . This situation is illustrated as follows:

In collision 1,where the mand Whold th opposite direction,the original velocity change into
v =011 , 25 = 21 .In collision 2,where the QT/; and W hold the same direction yet W > 1T//> ,we

set m = 1T//> to correct the original velocity.

In fact, there are many more complicated situations such as collision within several people, we can
deal with them in the same way as the above cases: correcting the velocity to meet the reality. Lack of

space limits further discussion at this point.
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Figue 10: Situation 1:Lean against the wall
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Figue 11: Situation 2:Collision between evacuees

e Simulation and analysis

With the model above, we set proper initialization state and ran the simulation. Specifically we set
At =1s,v5 =1.8m s ', v. =0.5m s 1.

At the beginning(time after pre-movement process), the flow of people began to move orderly with
the guidance of museum staffs. Figure 12 is a part of passage connecting RICHELIEU WING and SULLY

WING on the 1st floor.

Figue 12: a passage connect- Figue 13: Clogging in the narrow escape of SULLY
ing RICHELIEU WING and SULLY on the 1st floor. Red ball: Museum staffs; Blue ball:
WING in the 1st floor evacuees

Aswecansee, thereisasuitable distancebetweentheevacuees, andthecrowddensityisrelativelylowinanunob-
structedevacuationprocess. Accordingtooursimulation results, it took about 25s for 500 people to cross
the area. However, the orderly flow will transit to disorder in some specific situations.

Figure 13 is a narrow passage in the 1st floor of SULLY WING .The crowd formed a funnel-
shape obstruction in this narrow passage. Based on our model, evacuees tend to move to a less dense
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direction while generally following the guidance. What’ s more, when a evacuee leans against the wall,
his velocity remains only the component parallel to the wall. Our model helps to better explain this
clogging phenomenon.

With a great amount of evacuees piling up, it” s rather hard for those who got stuck in the middle
of the crowd to move(collision 1), so a lot of time would be wasted here. In our simulation results, it

took more than 150s for 500 evacuees to cross this narrow escape.

4.3 Potential threats of circumstances model

In addition to the behavior of the evacuated population, potential threats in the evacuation environ-
ment can also have an impact on the evacuation process. We improve our previous model by considering

environmental factors.
« The pyramid entrance—a bottleneck

Bottlenecks refers to places where movement is dramatically slowed or even stopped. Due to space
limitations, we take the Pyramid exit as an example.The pyramid exit is the most commonly used
entrance and exit. It consists of two revolving doors and one automatic door, while the revolving door
rotates at a slow speed, the number of passing evacuees is less at a time, the efficiency is lower during
evacuation.

It can be reasonably assumed that when an emergency occur, no one will enter the Louvre through
the pyramid entrance. all three doors will be used to evacuate tourists. Based on the revolving door
speed and the passing flow, we estimate that the flow rate is 3 people/s, which is much lower than that
in the exhibition hall. It may cause people to gather too much at the exit, generating a funnel-shaped
blockage i.e. bottlenecks. The results are: it takes a long time of 1860s to evacuate all the visitors at the

exit to safe places.
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Figue 14: numbers of people at Pyramid entrance

In fact, the evacuation plan in the former Macro emergency evacuation model does not take into
account the capacity of nodes, resulting in too many people gathering at the destination node. Moreover,
the time spent on congestion at the exit should be involved in the total evacuation time. Taking the

node capacity into consideration, we use the same method to find the optimal routes. Define V; as the
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capacity of node i, we get an added constraint:
fii — fiy S Vi(i =1.2.3.4) (12)

« To solve the bottleneck—additional exits utilization

Based on the improved model, in order to evacuate people gathering at the exit quickly, additional
exits near the main exits should be utilized. We assume that additional exits are evenly distributed in
Louvre. Because these entrances and exits are not commonly used, security personnel are insufficient and
the safety coefficient is low, we need to utilize them cautiously.

We calculate the average evacuees density within a certain area near the Pyramid entrance to
determine how to utilize the additional exits to facilitate our evacuation plan.Specifically:

p= %// p(z,y)do (13)

we set the threshold: pihresholdy, pshresholds - - - pthresholdy Ifp > pihresholdy,we then utilize k
additional exits.Note that we will close the additional doors when the average evacuees density drops
below the corresponding threshold.

Figure 15 shows: two additional exits are opened in around 150s, and the increasing trend of pop-
ulation at Pyramid entrance has slowed down compared with the original one, while the number is still
rising. And then four exits are opened in about 180s, after which the number of people has dropped
significantly. After closing two exits at about 240s, the number of people can still keep a relatively low
level. It takes 450s for all people to safely evacuate. Overall, the strategy of utilizing additional exits
based on actual conditions not only greatly reduces evacuation time, but also takes into account security

issues.
« Emergency personnel entering model

Emergency personnel refers to people who help in an emergency, such as guards, fire fighters, medics,
etc. Professional emergency personnel can help us effectively prevent potential threats of circumstances.
To allow emergency personnel to enter the building as quickly as possible, we need to analyze the opotimal
time when they enter the Louvre. Figure 16 illustrate the trend of numbers of people at the four main
entrances. Emergency personnel should enter the building from each exit at the time when there are

fewer evacuees.

Table 5: optimal entering time of emergency personnel
optimal time

Exit 1 t<50s
Exit 2 t<160s
Exit 3 t<96s or 312s<t<330s
Exit 4 t<64s or t>320s

5 Policies and Suggestions
From our specific analysis of the evacuation plan, the following recommendations can be drawn:

e Broadcast in multiple languages when broadcasting emergency notifications, in order to make more

people understand in time, reducing pre-movement time.

e Because the guests do not know much about the route of the museum, the evacuation plan must
be guided by the museum staffs. They can lead guests to escape. What’ s more, escape signs can

be placed in a conspicuous place to attract peoples attention.
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e During the process of evacuation, staffs should maintain an appropriate speed, which is not only

beneficial to speed up evacuation but also prevent potential threats like stampede event.

e The Louvre can consider canceling the design of the revolving doors, for they can pass only a few
people in unit time. It is not suitable for evacuation. For the same reason, the design of narrow
passages should be minimized.

o During evacuation process, the museum should send certain staffs to help people who with disabil-

ities due to their limited mobility and they should take full advantage of fire elevators.

6 Sensitivity Analysis

¢« Crowd evacuation behavior model

In the Crowd evacuation behavior model, we choose identical speed of all followers asvy = 1.8m -
571, v. = 0.5m- s~ 1. Since the speed of all evacuees is a factor in determining the time through a narrow
passage, we make a sensitivity analysis about it. Change the speed, the time changes a lot.

We choose different speed to run simulation and the result is shown in Figure 17.
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Figue 15: the sensitivity analysis of vy

Through the results, we can find as the speed increases, the evacuation time becomes significantly
smaller firstly and then gradually increases. And the red dotted line indicates that it is virtually impossible
to achieve such a large speed.

The reason for this situation is because of faster-is-slower effect[?] . Within a certain range, increasing
the evacuation speed is conducive to speeding up evacuation, while too fast will play the opposite role.
Too fast speed can overcrow the crowd and make it difficult to pass through narrow passages. So museum

staffs should try to calm everyone down during the evacuation process.
e Macro emergency evacuation model

Potential threats may occur in the path which is of great importance to evacuation. Some threats
have the potential to alter optimized route. We make an analysis about potential threats.

If threats occur in key path (e.g. path between nodel3 and node3 ), it will change the route to a
large extent, because many guests in Richelieu rely on this path to escape. If it is damaged, they have
to turn to other exits, which will cause guests in other wing to change routes.

If threats occurs on a channel that is not often used (e.g. path between nodel5 and nodell), then
the optimal path does not change greatly because of the threats.
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7 Further study

The Macro emergency evacuation model we develop can be adopted and implemented for other

large, crowded structures. Application and implementation steps are as follows:

Determining the clustering of people in the structure and all the path to escape, simplified to a

graph.

Determine the length of time each escape route passes according to the specific details of the

structure.
Use the CCRP algorithm to calculate the optimal evacuation path and the shortest time.

So our adaptive model can apply to other large and crowded structures.

8 Strength and Weaknesses
8.1 Strengths

8.2

Comprehensive:From both macro and micro perspective, we analyze the emergency evacuation
plan. Macro evacuation plan help us make optimized route, while micro analysis during the process

makes the evacuation plan more detailed and accurate.

Weaknesses

Because few data are available, the data we estimated may not accurate enough.

For the simplified graph of the museum is too simple, we can choose more nodes as a crowd

gathering point.

In crowd evacuation behavior model, we ignore the acceleration of peoples movement.

1 Appendices

Here are simulation programmes we used in our model as follow.

Input matlab source:
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function [dis,pa] = Dijk( W,s,d )

n=length (W);
D =W(s,:);
visitflag= ones(1l,n); visitflag (s)=0;

parent = zeros (1l,n);
pa =[];

for i=1:n-1

temp = [];

for j=1:n

it visitflag(j)
temp =[temp D(j)];
else

temp =[temp inf];

end

end
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[value ,index] = min(temp);
visitflag (index) = 0;

%if the index node is smaller from

%it is updated, and the predecessor

%backtracking .

for k=1:n

if D(k)>D(index)+W(index ,k)
D(k) = D(index)+W(index ,k);
parent (k) = index;

end

end

end

dis = D(d);%the shortest distance
%Retrospective method

t = d;

while t~=s && t>0

pa =[t,pa]l;

p=parent (t); t=p;

end

pa =[s,pa];%the shortest path

end
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